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CNJ \ The cohomology of the moduli space M. (n, d) of stable holomorphic vector bundles of co- 
prime rank n and degree d over a fixed compact Riemann surface £ of genus g > 2 has been 
^ ■ intensely studied over many years. In the case when n = 2 we now have a very thorough 
<^ ■ understanding of its structure [3J 0H1 EE] • For arbitrary n it is known that the cohomology 
ch ! has no torsion lj, and inductive and closed formulas for computing the Betti numbers have 
^ | been obtained [TJ El EE EH E2| , as well as a set of generators for the cohomology ring pQ. 

When n = 2 the relations between these generators can be explicitly described [31 EHJ I2H IHH 
GHJ EE] and in particular a conjecture of Mumford, that a certain set of relations is a complete 
set, is now known to be true [23 EE]- Less is known about the relations between the generators 



when n > 2, although in principle these can be obtained from the formulas given in [23 ESI f° r 
^ | the evaluation of polynomials in the generators on the fundamental class of A4(n,d). It was 
CO ; shown in ^T] that the most obvious generalisation of Mumford's conjecture to the cases when 
^ ■ n > 2 is false, although a modified version of the conjecture (using 'dual Mumford relations' 
CO ■ together with the original Mumford relations) is true for n = 3. In this paper we generalise the 
^ , concept of the Mumford relations somewhat further and show that these generalised Mumford 
*5 relations form a complete set for arbitrary rank n. 



The generators for H*(Ai(n, d)) given by Atiyah and Bott in pQ are obtained from a (nor- 
G malised) universal bundle V over Ai(n,d) x S. With respect to the Kiinneth decomposition 
> ' of 

H*(M(n,d)xi:) 
c3 ; the rth Chern class c r (V) of V can be written as 

c r (V) = a r <g> 1 + ^V r ® (Xj + f r <S> u 

3=1 

where {1}, {aj : 1 < j < 2g}, and {u} are standard bases for H° (T>) , H 1 (T,) and if 2 (E), and 

a r E H 2r (M(n, d)), V T E H 2r -\M{n, d)), f r G H 2r - 2 (M(n, d)), (0.1) 

for 1 < r < n and 1 < j < 2g. It was shown in jT| Prop. 2.20 and p. 580] that the classes a r 
and f r (for 2 < r < n) and b r j (for 1 < r < n and 1 < j < 2g) generate the rational cohomology 
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ring of M. (n, d) . 

Since tensoring by a fixed holomorphic line bundle of degree e gives an isomorphism between 
the moduli spaces A4(n, d) and M.{n ) d + ne), we may assume without loss of generality that 

(2g -2)n<d< (2g - l)n. 

This implies that E) — for any stable bundle of rank n and degree d Lemma 5.2], 

and hence that mV is a bundle of rank d — n(g — 1) over Ai(n, d), where 

7r : M(n, d) x £ — >• .M(n, <i) 

is the projection onto the first component and 7Ti is the K-theoretic direct image map. It follows 
that 

Cri^V) = 0, 

for r > d — n(g — 1). Via the Grothendieck-Riemann-Roch theorem we can express the Chern 
classes of Ti\V as polynomials in the generators a r ,bl, f r described above, and hence their van- 
ishing gives us relations between these generators. Mumford conjectured ^ p. 582] that when 
n = 2 these relations can be used to obtain a complete set. This is indeed true when n = 2 
(see |2*9"1 ISl)] ) but not in general for n > 2 p. 19]. However we will show that a similar 
construction can be used to obtain a complete set of relations, as follows. 

Suppose that < h < n, and that d is coprime to n. Then we have a universal bundle V 
over Ai(n, d) x E, and both V and V can be pulled back to Ai(n, d) x A4(n, d) x S. If 

d d 

— > - 
n n 

then there are no nonzero holomorphic bundle maps from a stable bundle of rank h and degree 
d to a stable bundle of rank n and degree d, and hence, if 

7r : M(n,d) x M(n,d) x S — ► _M(n, d) x A^(n, d), 

is the projection onto the first two components, it follows that —n\{V* <g> V) is a bundle of rank 
nri(g — 1) — dh + dn over Ai(n, d) x A^(ra, d). Thus 

= c r (-7r,(y* <8> 7)) G H*(M(n,d) x jM(n,d)) 

if r > nn(g — 1) — dn + dn and hence the slant product 

c r {-7T,{V* ® V))\7 G H*{M{n, d)) 

of c r (— 7Ti(7* <8> V)) with any homology class 7 G H if {M.{h, d)) vanishes when 

r > rm(g — 1) — dn + dn. 

The main result of this paper (see Theorem 12.11 in §2 below) is that the relations obtained 
between the generators a r ,bl, f r in this way 1 for < n < n and 

d d d 

-+!>->- 

n n n 

1 A little more care must be taken when n and d are not coprime. 
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and 

nn(g — 1) — dn + dn < r < nn(g + 1) — dn + dn 

form a complete set of relations (which are essentially Mumford's relations when n = 2 and are 
essentially the relations described in [TT] when n = 3.) This is generalised to moduli spaces of 
parabolic bundles in Theorem 17. 11 

In principle all the relations between the Atiyah-Bott generators can be obtained by Poincare 
duality from the formulas given in |2"3*1 lo3] for the evaluation of polynomials in these genera- 
tors on the fundamental class [M(n, d)], but the linear algebra involved would be extremely 
laborious, and our approach is a more geometric one. However we use the formulas of (22] in 
the final section of the paper to give explicit formulas for the generalised Mumford relations in 
terms of the Atiyah-Bott generators. 

The first section of this paper describes background needed from [JJ and [TT] and the second 
gives a careful statement of the main result, Theorem 12. 11 §3 introduces modified completeness 
criteria for relations between the generators similar to those used in I29j. §4 contains the 
heart of the proof, which involves a diagonal argument and the (excess) Porteous formula, and 
§5 refines this to complete the case when d is coprime to n. §6 generalises what has been 
done so far to cover parabolic bundles, and §7 proves a weak version of the main result in the 
case of parabolic bundles with full flags. This is extended to the general case in §8 using the 
method of reduction to a maximal torus (cf. [30 ). §9 completes the proof of the main theorem 
by restricting the range of d and r required for a complete set of relations, and finally §10 
uses nonabelian localisation [23] to provide some explicit formulas for the generalised Mumford 
relations. 

1 Background 

There are many descriptions, from very different points of view, of the moduli space Ai(n,d) 
of stable holomorphic bundles of coprime rank n and degree d over a compact Riemann surface 
X of genus g > 2: see for example P3 QUI |!H] EH HH EH IS]- The construction we shall use 
is due to Atiyah and Bott in lj; it is closely analogous to the construction of quotients in 
geometric invariant theory [33] EEl IS] but involves a space and a group which are both infinite 
dimensional. There are other constructions of A4(n, d) as genuine geometric invariant theoretic 
quotients of nonsingular quasi-projective varieties by reductive group actions, which are in some 
sense finite dimensional approximations to the construction of Atiyah and Bott (see [22]), and 
the arguments we shall use could all be rewritten in terms of these finite-dimensional quotient 
constructions. 

In Atiyah and Bott obtained generators for the cohomology ring of Ai(n,d). In the 
next section we shall state our main theorem giving a complete set of relations between these 
generators. In fact it will be enough to describe the relations between generators over the 
rationals, since the cohomology ring of M(n,d) is torsion-free P2 p. 578]. All cohomology 
groups in this paper will therefore have rational coefficients unless specified otherwise. 

Recall that a holomorphic vector bundle E over E is called semistable (respectively stable) 
if every holomorphic subbundle D of E satisfies 

^(D) < /i(-E), (respectively (i(D) < fi(E)), 
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where fi(D) = degree (D) /rank (D) is the slope of D. Nonsemistable bundles are said to be 
unstable. Note that semistable bundles of coprime rank and degree are stable. 

Let £ be a fixed C°° complex vector bundle of rank n and degree d over E. Let C be 
the space of all holomorphic structures on £ and let Q c denote the group of all C°° complex 
automorphisms of £ . Atiyah and Bott P identify the moduli space Ai(n, d) with the quotient 
C ss /Q c where C ss is the open subset of C consisting of all semistable holomorphic structures 
on 8. The group Q c is the complexification of the gauge group Q which consists of all smooth 
automorphisms of £ which are unitary with respect to a fixed Hermitian structure on £ Pfl 
p. 570]. We shall write Q for the quotient of Q by its {/(l)-centre and Q c for the quotient of Q c 
by its C*-centre. There are natural isomorphisms 1, 9.1] 

H*(C SS /Q C ) = H*{C SS /Q C ) S H^(C SS ) S H^C") 

since the centre of Q c acts trivially on C ss , while Q c acts freely on C ss and Q c is the complexifi- 
cation of Q . Atiyah and Bott Thm. 7.14] show that the restriction map H—(C) — > H^(C SS ) is 
surjective. Further H^{C) = H*(BQ) since C is an infinite-dimensional affine space p. 565]. 
So putting this all together we find that there is a natural surjection 

$ : H*(BQ) = H±{C) -> H$P") = H*{M{n, d)). (1.1) 

Thus generators of the cohomology ring H*(BQ) give generators of the cohomology ring of the 
moduli space A4(n,d). 

The cohomology rings of the classifying spaces BQ and BQ are described in il, §§ 2, 9]. 
It is shown in P3 Prop. 2.4] that the classifying space BQ can be identified with the space 
Map d (E, BU(n)) of all smooth maps / : E — ► BU(n) such that the pullback to E of the 
universal vector bundle over BU in) has degree d. If we pull back this universal bundle using 
the evaluation map 

Map d (E,SC/(n)) x E -> BU(n) : (f,m) i-> /(m) 

then we obtain a rank n vector bundle Vo over BQ x E. If further we restrict the pullback 
bundle induced by the maps 

C ss x EQ xS^Cx EQ xE->Cx e EQ xE^ i?^ x E 

to C ss x {e} x E for some e G EQ then we obtain a ^-equivariant holomorphic bundle on C ss x E. 
The centre of Q acts as scalar multiplication on the fibres, and the associated projective bundle 
descends to a holomorphic projective bundle over Ai(n, d) x E. 

In fact this projective bundle is the projective bundle of a holomorphic vector bundle V over 
Ai(n, d) x E pp. 579-580]. This vector bundle V has the universal property that, for any 
[E] e Ai(n, d) representing a bundle E over E, the restriction of V to {[E]} x E is isomorphic 
to E. 

Before constructing such a universal bundle V we note that tensoring with the pullback to 
A4 (n, d) x E of any holomorphic bundle K over Ai (n, d) preserves the universal property and 
the associated projective bundle remains unchanged. If we fix x G E and identify C ss with the 
subset C ss x {x} of C ss x E then the C*-centre of Q c acts on the fibres of det(Vo| Csa ) with weight 
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n and acts on the fibres of det(7nVo) with weight d — n(g — 1) where 7r : C ss xE-> C ss is the 
first projection and 7Ti is the direct image map of K-theory. Since n and d are coprime there 
exist integers u and v such that 

un + v(d — — 1)) = 1. 
Thus the C*-centre of Q c acts on the fibres of 

ir = det(V | C3S ) u ®det(vr ! Vo) 1 ' 
as scalar multiplication, and hence acts trivially on the bundle 

V = Vq®Tt\K~ 1 ) 

over C ss x S. This bundle V then descends to a universal bundle V over Ai(n, d) x S. 

Tensoring a universal bundle V by the pullback to M. (n, d) x £ of any holomorphic bundle 
K over 7Vl(n, <i) changes the generators a ri V r and f r of H*(JH(n,d)). In particular it changes 
ai by nci(i^) and ci(7i\(y)) by (<i — n(g — l))ci(K). (Here we are using n to denote the first 
projection A4(n, d) x E — > .M(n, d) as well as 7r : C ss xE-> C ss .) Therefore tensoring V by 
7r*(iir) changes ttai +vci{tx\V) by ci(iT), with m and v chosen as above. Our choice of universal 
bundle V satisfies 

Wi + VCi(7T l V) = 0, (1.2) 

i.e. it is normalised in the sense used by Atiyah and Bott [TJ p. 582]. 

By a slight abuse of notation we define elements a r ,b> r , f r in H*(BQ; Q) by writing 

c r (V) — a r (g) 1 + V r ® aj + f r <8> a; 1 < r < n. 
i=i 

where, as before, cj is the standard generator of i? 2 (S) and cti, ...,a2 S form a fixed canonical 
cohomology basis for if 1 (S). Atiyah and Bott show QjJ Prop. 2.20] that the ring H*(BQ) is 
freely generated as a graded algebra over Q by the elements 

{a r : 1 < r < n} U {V r : 1 < r < n, 1 < j < 2g} U {/ r : 2 < r < n}. (1.3) 

The only relations among these generators are that the a r and f r commute with everything else 
and that the ty. anticommute with each other. 

The fibration BU(1) — > 5^ — > 5^ induces an isomorphism p. 577] 

F*(S^) = H*(BQ) ® H*(BU{1)), 

where H*(BU(1)) is a polynomial ring on one generator in degree two, which we can identify 
with ai. The generators a r , V r and f r of H*(BQ) can be pulled back via a section of this fibration 
to give rational generators of the cohomology ring of BQ . We may if we wish omit a\ since its 
image in H*(BQ) can be expressed in terms of the other generators. The only other relations 
are again the commuting of the a r and f r with all other generators, and the anticommuting of 
the V T . These generators for H*(BQ) restrict to the generators a r ,b{,,f r (IQ.ljl for H*(A4(n,d)) 
under the surjection (jl.lj) . 
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The relations between these generators for H*(Ai(n, d); Q) are then given by the kernel of 
the restriction map (jl.lj) which in turn is determined by the restriction map 

H* g {C) £ H%(C) <g> H*{BU{1)) -> #^(C SS ) <g> H*(BU(1)) = H*(C SS ). (1.4) 

The bundle V is universal in the sense that its restriction to {[E]} x £ is isomorphic to 
i£ for each semistable holomorphic bundle E over £ of rank n and degree d, and ir\V is the 
alternating sum of the ith higher direct image sheaves R l n^V (see [TJJ §3.8]), whose stalks at 
[E] are given by 

H\Ti-\[E]),V^ m) )=H\^V m ^)^H\^E). 

Tensoring E with a holomorphic line bundle over £ of degree e gives an isomorphism between 
A4(n, d) and A4(n,d + ne). Since n and d are coprime we may assume without any loss of 
generality that 

(2g -2)n<d< (2g - l)n. 

From lemma 5.2] we know that H l (Yi, E) = for any semistable holomorphic bundle E of 
slope greater than 2g — 2, and H l (T,, E) = if i > 1 since the complex dimension of £ is one. 
Thus tt\V is in fact a vector bundle over Ai(n, d) with fibre H°(H, E) over [E] e Ai(n, d) and, 
by the Riemann-Roch theorem, of rank d — n(g — 1). 

In particular, if we express the Chern classes Cr(ir\V) in terms of the generators a r , V r and f r 
of H*(Ai(n, d)), then the fact that they vanish for r > d — n(g — 1) gives us relations between 
the generators. Mumford conjectured [J p. 582] that when n = 2 these relations can be used 
to obtain a complete set and this was proved in and jHE] • For n > 3 the relations obtained 
from the vanishing of the Chern classes of tt\V above its rank do not in general form a complete 
set p. 19]. However one can also obtain dual Mumford relations from vanishing Chern classes 
of 7i\(V*), because if 1 (E,i?*) = for any semistable bundle E over S of rank n and degree d 
satisfying (1 — 2g)n < d < (2 — 2g)n, and in JT] it is shown that when n = 3 the Mumford 
relations together with the dual Mumford relations form a complete set. In this paper we shall 
further modify Mumford's relations to obtain a complete set for general n. 

Remark 1.1 We could also choose d such that — n < d < 0, which implies that H°(Y>, E) = 
for any semistable bundle of rank n and degree d over S. Then — 7nV is a bundle over A4(n, d) 
of rank n(g — 1) — d, so that c r (— 7T\V) = if r > n(g — 1) — d. By Serre duality the relations 
obtained are equivalent to the dual Mumford relations, while the relations obtained by choosing 
d satisfying < d < n, so that —n(V*) is a bundle of rank n(g — 1) + d, are equivalent to the 
original Mumford relations. 

2 Statement of Results 

Suppose now that n and d are integers satisfying < h < n and 

d d 

— > - 

n n 

Then, as in §1, we have a Q(n, oQ-equivariant bundle V over C(n, d)xS and a C/(n, <i)-equivariant 
bundle V over C(n, d) x S. (Note that as it is now important to specify the values of n and 
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d we denote C and Q by C(n,d) and Q(n,d).) Both V and V can then be pulled back to 
C(h,d) x C(n,d) x E. 

Let 7r : C(n, <i) x C(n, d) x £ — > C(n, d) x C(n, d) be the projection. As d/h > d/n there are 
no nonzero holomorphic bundle maps from a semistable bundle of rank n and degree d to a 
semistable bundle E of rank n and degree c?, and hence by the Riemann-Roch theorem we have 

H°(Z,E*®E) = and dimif^E, E* ® £7) = m(g - 1) - dh + dn. 

Therefore the restriction to C(n, c/) ss x C(n, d) ss of — vri(V* ® V) is a bundle of rank 

hn(g — 1) — dh + dn. 

This means that its equivariant Chern classes 

c r (-7r!(D*® V)) G #5 (Bid) (C(n,d)) ®fl; M (C(n,i)) (2.1) 

restrict to zero in C(n, d) ss x C(n, J) ss when r > nn(g — 1) — dn + Jn. Therefore if we restrict 
the equivariant Chern class c r (— 7ri(V* (g> V)) to C(n, <i) ss x C(n, c?) ss for such a value of r, and 

take its slant product with any element of H^ n ' d \C(h, d) ss ), this gives us an element of the 
kernel of the restriction map 

H* g{n4) (C(n 7 d)) ->H* g(n4) (C(n,dy s ) = H*(M(n,d)) ® H*(BU(1)). 

The main aim of this paper is to show that the kernel of this restriction map is generated as 
an ideal in Hg, n d s(C(n,d)) by the elements obtained in this way. Equivalently these relations, 
together with the relation (jl.2j) due to the normalisation of the universal bundle, give a complete 
set of relations among the generators a r , V r and f r of H*(Ai(n, d)). 

We need to bear in mind that, although by assumption n and d are coprime, we are not 
assuming that n and d are necessarily coprime. When h and d are coprime we can express the 
relations obtained above in terms of universal bundles V and V over the moduli spaces Ai (n, d) 
and A4(h,d) as in the introduction, and take slant products with elements of H*(M.(h,d)). 
However when h and d are not coprime we need to take care about the distinction between stable 
and semistable bundles, and the bundle V over C(n, d)xS does not in general induce a universal 
bundle V, even over the product with S of the moduli space Ai s (h, d) = C(h,d) s /Q(h,d) of 
stable bundles over E [44, Chapter 5]. Thus the precise statement of our main result is phrased 
in terms of C(h, d), not A4(h, d), as follows. 

Theorem 2.1 If n and d are coprime then the kernel of the restriction map 

H* gM (e(n,d))^H* g{n4) (C(n,dy s ) 
is generated as an ideal in H g , n d \(C(n, d)) by slant products of the form 

c r (-7r!(V*®V))\7 
for inteqers n, d and r satisfvinq < h < n and - < 4 < - + 1 and 

nn(g — 1) — dn + dn < r < nh(g + 1) — dn + dn 
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where 

c r (-7r,(V* ® V)) G H* (hA (C(nJ))^H* g(n!d) (C(n,d)) 

is the rth equivariant Chern class of the equivariant virtual bundle — 7ri(V* cg> V) over C(n, d) x 
C(n, d), and 7 lies in the image of the natural map 

H^ h ' d \C(n,d) ss ) -> H^\C(hJ)). 

We shall rephrase this theorem more explicitly in terms of a complete set of relations among 
the generators a r , b 3 r , f r for H*(Ji4(n, d)) in § 10 (see Theorems HU.2l and ll(J.4l and Remark \l (J. 5j) . 



3 Completeness Criteria 

We have observed that the relations between the generators a r ,bl and f r for H*(M(n,d)) are 
determined by the kernel of the restriction map 

H* g {C) = H^{C) <g> H*{BU{\)) -> #J(C SS ) <g> H*(BU(1)) S #*(C SS ). 

In order to describe this kernel we consider the Harder-Narasimhan-Shatz stratification of the 
space C of holomorphic structures on a fixed C°° complex vector bundle S of rank n and degree 
d over E [IJ[TnilIE]. The stratification {C^ : fi e M} is indexed by the partially ordered set M. 
consisting of all the types of holomorphic bundles of rank n and degree d, as follows. 
Any holomorphic bundle E over M of rank n and degree d has a filtration (or flag) 

P .22i],isa 

= E C Ex C • • • C E s = E 

of subbundles such that the quotient bundles Q p = E p /E p _i are semistable for 1 < p < s and 
satisfy 

KQp) = - > ^ = MQ P+ i) 

n p n p+ i 

where d p and n p are respectively the degree and rank of Q p , and n{Q p ) = d p /n p is its slope. 
This filtration is canonically associated to E and is called the Harder- Narasimhan filtration of 
E. We define the type of E to be 

V = (li(Qx),...,n(Qs)) GQ" 
where the entry n{Q p ) is repeated n p times. The semistable bundles have type 

fMo = (d/n, d/n) 

and form the unique open stratum. The set M. of all possible types of holomorphic vector 
bundles over S provides an indexing set for the stratification, and if \x G M. then the subset 
Cfi Q C is defined to be the set of all holomorphic vector bundles over S of type \i. A partial 
order on M. is defined as follows. Let a = (ax, o~ n ) and r = (ri, r n ) be two types; we 
define 

a > r if and only if V] Oj > V] Tj for 1 < z < n — 1. (3-1) 



8 



The stratification has the following properties:- 

(i) The stratification is smooth and ^-invariant. That is, each stratum C M is a locally closed 
^-invariant complex submanifold of C. Furthermore, by |TJ 7.8], the closure in C of the stratum 

for any /i G M. satisfies 

^C[JC, (3.2) 

U>fl 

(ii) Each stratum is connected and has finite (complex) codimension d M in C, given by 
the formula jT| 7.16] 

d H = ^( n i d j - n 3 d i + n i n j(9 ~ ( 3 - 3 ) 
i>j 

when /i = (di/ni, ...,dp/np) as above. Moreover given any integer N there are only finitely 
many // G M. such that < N. 

(iii) The gauge group Q acts on C preserving the stratification which is equivariantly perfect 
with respect to this action QjJ Thm. 7.14]. In particular there is an isomorphism of vector 
spaces 

H k g (C) - H k g - 2d »{C,) = H k g (C ss ) © H h g -^{C,). 

The restriction map H g (C) —* H g (C ss ) is the projection onto the summand H g (C ss ) and so the 
kernel is isomorphic as a vector space to 

H k g - 2d »{C»). (3.4) 

(iv) Let fi = (di/ni, ...,d s /n s ). Atiyah and Bott show PjJ Prop. 7.12] that the map 

f[C(n p ,d p y s ^C», 

p=l 

which sends a sequence of semistable bundles (Fi, ...,F S ) to the direct sum FiQ) - ■ -Q)F S , induces 
an isomorphism 

H g (C,)^ (g) H g{np4p) (C(n p ,d p ) ss ). 

l<p<s 

Remark 3.1 It follows from the isomorphism ()3.4j) that for any set of relations in H g (C ss ) 
to be complete it is necessary that the least degree of a nontrivial relation in the set must be 
equal to the smallest real codimension of an unstable stratum. When n > 2 and n/2 < d < n 
then the least real codimension of an unstable stratum is 2(n — d + (n — l)(g — 1)) and the 
smallest degree of any of the original Mumford relations is 2(d + (n — l)(g — 1)) fTJ P-19], and 
consequently the set of original Mumford relations is not generally complete. 

Remark 3.2 By property (i) above, the subset 

Up = c - |j Cu = U c v 
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is an open subset of C containing C M as a closed submanifold. Hence there is a long exact 
sequence (the Thom-Gysin sequence) 

■ • ■ - Hjr^iCJ - H g (U») - H g (U, - C») - ■ ■ ■ . 

From (iii) we know that the stratification is equivariantly perfect, which means that each of 
these long exact sequences break up into short exact sequences — > H g Mm (C m ) — ► Hg(U^) — > 
Hg{U^ — C,j) — > 0, and so the maps Hg(C) — > Hg{Ufj) are all surjective. In fact Atiyah and 
Bott show that the stratification is equivariantly perfect by considering the composition 

H j g~ 2d »{C,) - H g {U,) - H g (U, - C») 

which is multiplication by e M , the equivariant Euler class of the normal bundle to C M in C. 
Atiyah and Bott show [TJ p. 569] that e M is not a zero-divisor in Hg{C^) and deduce that the 
Thom-Gysin maps 

are all injective. 

This leads to certain criteria for a set of relations to be complete, described in [29*1 Prop. 
1] (see also [TT] Prop. 4] where the criteria are slightly modified and the proof of completeness 
is corrected). First we introduce a total order ^ on M. extending the partial order < defined 
at (j3.1|) above. This total order -< is a lexicographic ordering: given \i = (fix, fi n ) and 
v = {yxi •••) v n) m we define 

/j -< v if there exists g 6 {1, n} with /x 9 < z/ g and /jj = z/j for 1 < z < q. 

We then write /i ^ f if /i -< u or // = za 

Following jlH] and [TJ § 7] we associate with /i = (dx/nx, ■ ■ ■ , d s /n s ) the convex polygon P /t 
with vertices 

(0, 0), (m, di), (ni + n 2 , dx + d 2 ), ■ ■ ■ , (nx H hn s ,dH h d s ) = (n, d). 

We see that /i < f if and only if P M lies below P^ whereas /x ^ z/ if and only if P^ and P v 
agree to the left of some vertex and P M lies below P v immediately to the right of this vertex. 
Notice that the total order ^ introduced here differs from that of [TT) p. 20] and is in a sense 
its dual; in 11] ^ is defined by /i ^ v if and only if P M and P v agree to the right of some vertex 
and P M lies below P y immediately to the left of this vertex. 

By |1H Prop. 4] we have: 

Proposition 3.3 (Completeness Criteria) Let 1Z be a subset of the kernel of the restriction 
map 

H g (C) -> H* g (C ss )- 

Suppose that for each unstable type /i ^ /io there is a subset of the ideal generated by 1Z in 
Hg(C) such that the image oflZ^ under the restriction map 

Hg{C)^Hg{C v ) 
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is zero when v -< // and u>/ien v = fi contains the ideal of HgiC^) generated by the equivariant 
Euler class e M of the normal bundle Af^ to the stratum in C. Then 1Z generates the kernel of 
the restriction map 

H*(C) - H*(C SS ) 

as an ideal of Hg(C). 

In order to simplify later arguments, we now observe that Atiyah and Bott could have used 
a coarser stratification of C. 

Definition 3.4 For any integers n\ and di let be the subset of C consisting of all those 

holomorphic structures with Harder-Narasimhan filtration 

= E C E 1 C • • • C E s = E 

where E\ has rank m and degree d\. We shall say that such a holomorphic structure has coarse 
type (ni, d{). When it is necessary to specify the dependence of S^di on n and d we shall write 



(n,d) 

q pSS p 



S ni \ dl - Then 



and each SVn^i is a union of finitely many strata from the stratification {C^ : fi G Ai} of C by 
type. Moreover since 

^ U <v 

we have 



\ m m / \ m' m 3 — 

Now C M is locally a submanifold of finite codimension 

dfj_ = dimid 1 (S, End"E) = "^n^dj — Ujdi + niUj(g — 1) 

i>j 

where E is any holomorphic bundle of type fi and End"E is the quotient of End-E by the 
subbundle End'E of holomorphic endomorphisms of E which preserve its Harder-Narasimhan 
filtration (see [H §7]). The proof of this is based on the observation that 

#°(E,End"E) = 

which is a direct consequence of the fact that if Di and D 2 are semistable bundles of rank n\ 
and ri2 and degrees d\ and d 2 satisfying d\jn\ > d 2 /n 2 then there are no nonzero bundle maps 
from Di to D 2 . If we replace End'E 1 by the bundle of holomorphic endomorphisms of E which 
preserve the first proper subbundle E\ in its Harder-Narasimhan filtration and replace End"E 
by the quotient of Endi? by this subbundle, then we still have H (E, End"E) = 0, and the 
argument of [TJ § 7] that C M is locally a submanifold of finite dimension d^ in C applies equally 
well to show that S'm.di is locally a submanifold of finite codimension 

Sn^d! = (n - n 1 )d 1 - m(d - d x ) + n(n - n x )(g - 1) , 
= ndi — nid + ni(n — n\){g — 1) 
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in C. 

Note that if d\/n\ > d/n then a holomorphic bundle E has coarse type (jii, d\) if and only 
if E has a semistable subbundle E\ of rank ri\ and degree d\ such that the coarse type {71%, do) 
of the quotient bundle E/E% satisfies d 2 /n 2 < d\jn\. Thus the proof of [H Prop. 7.12] shows 
that 

H* g (S ni , dl ) = H* gini>dl) (e(n 1 ,d 1 ) ss )®H* g{n _ ni!d _ dl) (Z7(ni,di)) (3.6) 

where 

tf(*i,di) = U S^^^Cin-n^d-d^ (J S%£^ 

"2 "1 "2 — n l 

is an open subset of C(n — ni, d — di). 

The isomorphism (J3.6j) is induced by inclusions 

C(n 1; rfx) ss x U(ni, d x ) ■— > C(ni, d t ) x C(n — rii,d — d t ) <^-> C(n, d) = C 

and 

G(ni, d\) x Q(n — ni,d — c?i) > £?(n, d) = 

given by identifying our fixed C°° bundle of rank n and degree d over S with the direct sum 
of fixed C 00 bundles of ranks ni and n — n\ and degrees di and d — d\ respectively. The 
gauge group Q(n,d) has a constant central circle subgroup acting trivially on C(n,d), and 
therefore Q{n\ : d\) x C/(n — ni,d — d\) has a central subgroup T = (S 1 ) 2 acting trivially on 
C(ni, di) x C(n — n\, d — d\). Moreover at a point of C(n%, di) ss x U{n\, d\) corresponding to a 
direct sum of bundles E = E\ © D 2 , the normal to S nijdl is naturally isomorphic to 

H 1 ^, End"£) = H l (H, D* x ® D 2 ) (3.7) 

(cf. [1, §7]) and an element (ti, t 2 ) £ (S* 1 ) 2 = T acts on this as scalar multiplication by t\ x t 2 . 
Thus the representation of T on the normal to 5 nii d 1 is primitive, and so by Atiyah and Bott's 
criterion [TJ 13.4] the equivariant Euler class e„ 1) d 1 of the normal to S nx ^ x in C is not a zero 
divisor in Hg{S n ^ d ^). Therefore by |1, 1.9] we have proved (cf. [U Thm. 7.14]), 

Proposition 3.5 The stratification 

< S nidl :0<ni<n, — >->M {^n.d} 
[ ni n) 

of C by coarse type is equivariantly perfect. 

Let Pc(X)(t) denote the equivariant Poincare series 

PaiXm^^f dim Hh(X) 

i>0 

of a topological space X acted on by a group G. Then Proposition 13.51 together with ()3.6|) tells 
us that 

Pg{C){t) = Pg{C SS ){t) + J2 t 2S ^Pg(S ni4l )(t) 

< n\ < n, 
di/ni > d/n 
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where 



= Pg(n u di)(C{ni, Pg{n- ni ,d-di){C{ n -ni,d- di))(t) 



d 2 > d l 
n 2 — ill 



with 
and 



5m,di = w^i - raid + ni(n - ni)(p - 1) 

^na^a 1 ^ - ^ = {n - n x - n 2 )d 2 - n 2 {d - dx - d 2 ) + n 2 {n - Hi - n 2 ){g - 1) 
Since [1, Thm. 2.15] 



(n - n 1 )d 2 - n 2 (d - d\) + n 2 {n -n x - n 2 )(g - 1). 

IlUii + t™- 1 ) 29 



this gives us an inductive formula for Pg(C ss )(t), and hence for the Betti numbers of Ai(n,d) 
when n and d are coprime. This is easily seen to be equivalent to the formula 

P s (C)(t) = P g {C ss ){t) + £ t 2d " n (3.8) 

li,={d\/ni,...,d s /n s )j=HQ l<j<« 

of Atiyah and Bott Pfl Prop. 7.12, Thm. 7.14] since 
df, = n i d J ~ n jdi + riin^g - 1) 

i>j 

= Z) I ( £ n * ] ^ - n i ( £ e ni I (0 - 1) 

j=l [ \i=i+l / \i=j+l ) \i=j+l } 

r . r(n~ni,d-di) . r(n s -i+n 3 ,d s -i+d s ) 

- O ni ,di + d n 2 ,d2 + °n s 4s 

This inductive formula is equivalent to the following closed formula jHJ EI] 



; n,-l 



( 1+t 2i+l)2 3 



?(MM)(,H ^j- 1) '"'RFS H (1>)(1 

2-1 £ 2 Si<j «i"-j(9-l)+I]!li( ni + ni + 1 )^( ni + "'+ ?1 ^) d / n ) 



3=1 



1 _ ^2(nj+n 3 -+i) 



(3.9) 



The fact that the equivariant Euler class e nij ^ 1 of the normal to any stratum S ni ^ x in C is not 
a zero-divisor in H^S^^) also gives us an alternative (and slightly simpler) version of the 
completeness criteria (Proposition 13.31 above) as follows. 
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Proposition 3.6 (Modified Completeness Criteria) Let TZ be a subset of the kernel of the 
restriction map 

H* g {C) - H g (C ss ). 

Suppose that for each pair of integers (n, d) with < h < n and 4 > - there is a subset TZ- s 
of the ideal generated by TZ in H g (C) such that the image ofTZ h ^ under the restriction map 

Hg(C) -> Hg(S nudl ) 

is zero when &\jn\ < d/n or d\jn\ = d/n and n% < h and when (ni, d\) = (n, d) equals the ideal 
of Hg(S h( j) generated by the equivariant Euler class e h ^ of the normal bundle to the stratum 
S A d ~ in C. Then TZ generates the kernel of the restriction map 

Hg(C) -> Hg(C SS ) 

as an ideal of Hg{C). 

Proof: Suppose that rj £ Hg(C) lies in the kernel of the restriction map Hg(C) — > Hg(C ss ). 
There are only finitely many pairs of integers (n, d) with < h < n and d/h > d/n for which 
the real codimension 

25 h ^ = 2{nd — fid + h{n — h)(g — 1)) 
of the stratum S h d - is at most j\ let these be 

(ni,4), (n 2 ,4), • • • , (hk,d k ) 
ordered so that (ni,di) = (n, d) and 

di/hi < d i+ i/n i+1 or di/hi = d i+1 /h i+1 and hi < h i+1 
for 1 < i < k. Then by Proposition 3.5 we have short exact sequences 

- llg 2 ' V " (.V ;; „ ) - H g (U(hi,di) U 5^ >4 ) - H^UihiJi)) - (3.10) 

for 1 < i < k, where U(hi,di) = C ss and U(hi,di) U S h . « = Lf(n i+ i> £^+i) and the restriction 
map 

is an isomorphism. 

By assumption n lies in the kernel of the restriction map Hg(C) — ► Hg(C ss ) which is the 
composition of the restriction maps 

flj(C) - H g (U(h k , 4) U 5 ftfc>4 ) - ^(C/(n fc) 4)) 

- Hg(U(h k ^J k ^)) - • • . - HiiUihudx)) = H g (C ss )- 

Therefore its image 771 in Hg(U(h 2 , 4)) = H g (U(hi,di) U ^ ) lies in the kernel of the 
restriction to Hg(U(hi, di)), which by (j3.1()j) is the image of the Thom-Gysin map 

TG : flj ^(S^) - HgiU^d,) U 5; iA ). 
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Let d G Hg ni,dl (S h j ) be such that % = TG(Ci); then by hypothesis there is some G\ 
in the ideal generated by 1Z whose restriction to C ss is and whose restriction to S h £ is 

Ci e nidi)- Since o\ restricts to in C ss = U(n 1 ,di) it restricts to TG(£i) in U(n 2 ,d 2 ) for some 

6 e Hg ni ' '(S^J. But then the restriction of a x to S (hiA) is Cie^,*) = £i e n 1)( fi)' and as 
e fli ^ is not a zero-divisor in Hg(S hi d ~J it follows that £ = £. Thus 77 and both restrict to 

TCr(Ci) in Hg(U(n 2 ,d 2 )), so the restriction of 77 — <Ti to Hg(U(h 3 ,d 3 )) lies in the image of the 
Thom-Gysin map 

7—25 

TG : flj ^(S^) - H g (U(n 2 ,d 2 ) U S^). 
Repeating the argument above with £ replacing 5- ^ we find that there is some a 2 in the 

ideal generated by 1Z such that 77 — <J\ — <j 2 restricts to in H g (U (n 3 , d 3 )). Repeating the same 
argument k times gives us a\ , ■ ■ ■ , o k in the ideal generated by 1Z such that r] — <J\ — ■ ■ ■ — o k 
restricts to in 

Hg{U{n k ,d k )VJS hkA )^Hg{C), 
and so rj = o\ + • • • + a k lies in the ideal generated by 1Z as required. 

4 Diagonals 

The modified completeness criteria of Proposition 13.61 tell us that for each pair of positive 
integers (n, d) with < h < n and 4 > - we need to look for a set of relations whose restriction 
in Hg(S ni;dl ) is zero when d\/n\ < d/n or d\jn\ = d/n and n\ < h, and when (m, di) = (n, d) 
equals the ideal of Hg{S hd ) generated by the equivariant Euler class e hd - of the normal to S hd - 
in C. Recall from (J3.6)) that 

H g (S nitdl ) - H*g {ni!dl) (C(n 1 ,d 1 ) ss ) ®H* g{n _ ni!d _ dl) (U(n 1 ,d 1 )) 

where 

U(n 1 ,d 1 )= (J 5(n - ni,d- di) na ,da) 

n 2 nj 

is an open subset of C(n — m,d — di). Moreover it follows from Proposition 13.51 and Remark 
13.21 that the restriction map 

H*g {n - nud - dl) {C{n -n 1} d- di)) -> #g (n _ ni , d _ rfl) (t/(>i, di)) 
is surjective. Thus given 

^ e ^SmW <?T) ® ^^^(n - n, d - d)) 
it suffices to find a relation whose image under the restriction map 

H* g (C) -> fl5 (BlA )(C(ni,d 1 n ® flS^^^nLd!)) 
is zero when di/rii < d/n or di/rii = d/n and ni < n, and when (ni, di) = (n, d) equals 
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(or, more precisely, the product of the restriction of r\ to C(n, d) ss x U(n, d) with e h ^.) 

By Lefschetz duality [SUl p. 297], since C(h, d) s /Q(h, d) = A4 s (n, d) is a manifold of dimension 

D(n, d) = 2[(n 2 - \){g - 1) + g] = 2(n 2 g - n 2 + 1) 

we have a natural map 

LD : Hf^ d \C(n, d) s ) = H*(M s (n, d)) - H^~*(C(h, d) ss ) (4.1) 

such that if 7 G i?* (C(n, d) s ) then LD(j) is the element of the dual of 

which takes a £?(n, <i)-equivariant cycle on C(n, cf) ss to its intersection, modulo G(n, d), with 7. 
This makes sense because Q(n, d) acts freely on C(n, d) s with quotient the manifold A4 s (h, d); 
thus modulo Q(n,d) we can make the intersection transverse and count the number of inter- 
section points with signs in the usual way. 

In this section we shall prove that if rj = LD(j) where 7 G H^ n ' d \C(n, d) s ) and we identify 
H^, h ^(C(h, d) ss ) with its image in 

*W C (*' dD ® ^ ( „- M -j)(C(n - n, d - in 
then the relations given by the slant products 

C r (-7T,(V*® V))\ 7 

with r > nn(g — 1) + nd — nd + 1 will have the required properties. 

Remark 4.1 When h and d are coprime then C(n,d) ss equals C(n,d) s and its quotient by 
Q(n,d), namely A4(h,d), is a compact manifold. In this case the Lefschetz duality map is 
essentially Poincare duality and the map LD is an isomorphism. When n and d are not 
coprime we will have more work to do to find suitable relations for all 77 e *(C(n, d) ss ). 

First we prove: 

Lemma 4.2 J/7 e H^ n ' d \C(n,d) s ) where d/n > d/n, and if r > r(n,d) where r(n,d) = 
nn(g — 1) + fid — nd + 1, then the image of the slant product 

Cr(-7ri(V* ® V))\ 7 

under the restriction map 

h*(c) - asc^a) = /i^^tcfm.^n®^^^^,^)) 

zs zero w/ien di/ni < d/n, and also when dx/n\ = d/h and n\ < h. 
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Proof: Let E be a stable bundle of rank h and degree d, and let E = D © C where D is 
semistable of rank n\ and degree d\ and C has rank n — n\ and degree d — d\ and coarse type 
(^2,^2) where c/2/^2 < d\/n\. If d\/n\ < d/n there are no nonzero bundle maps from to 
D, since E and D are both semistable, and if d\jn\ = d/n then, because E is stable, the only 
nonzero bundle maps from E to D are injections which cannot exist if n\ < n Q 5.1, 5.2]. 
Thus E* D) = 0. Moreover since C has coarse type (77-2, c^) where 

c?2 di < d 
n 2 rii ~ n 

the Harder- Narasimhan filtration 

= C CC 1 C ■■■ CC S = C 
of C has semistable subquotients Cj/Cj-i of rank rrij and degree Cj satisfying 

Cj < Ci _ <i 2 c?i 

Therefore if d\jn\ < d/n, the projection of any bundle map 9 : E — > C onto C/C s -\ is zero, 
so 6* maps into C a _i, but then the projection of 6* onto C s -\/C s ^i is zero, so 6* maps E into 
C s _ 2 , and inductively we find that 9 = 0. Hence H°(E, E* © C) = and 

#°(£, E* ®E) = H°(E, ® C) © if°(£, E*®D) = 0. 

Therefore by the Riemann-Roch theorem the restriction of — tt\ (V* © V) to 

C(n,d) s x C(m,(ii) ss x tf(ni,di) 

is a bundle of rank nn(g — 1) + fid — nd; so if r is strictly greater than this value the image of 
the rth equivariant Chern class c r (—7i\(V* © V)) in 

H* g(hA) (C(nJy) © H* g[ni;dl) (C(n 1 ,d 1 y s ) © H g{n _ ni4 _ di) (U(n 1 ,d 1 )) 

is zero. The result follows. 

Definition 4.3 Let 01,0^ and be the generators of the first, second and third copies of 
the polynomial ring H*(BU(1)) in 

H* g{fii) {C{n,d) s ) © H* g[ni;dl) (C(n 1 ,d 1 y s ) © H* {n _ ni4 _ di) (U(n 1 ,d 1 )) 

where 

flJ M (C(n,d)') = tfW(l))®^)(C(Mr), 
Note that the restriction of a\ G H%, JC{n,d)) to C(n 1 ,<i 1 ) ss x U(n 1 ,d 1 ) is + ai . 
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Definition 4.4 Let V\ and V2 be the universal bundles over C(nx, d{) and C(n — ni,d — di), so 
that the restriction of V to C{n\, di) ss x U(ni, d{) is Vi © V 2 . 

We need to consider the restriction of a relation of the form c r (— 7T;(V* <g> V))Yy to Hg{S h ^)] 
that is, we consider the case when (n, d) = {n\,d\). 

Proposition 4.5 If ^ G H^ n ' d \C(n,d) s ) where d/n > d/n, and if r = r(n,d) + j where 

r(n, a) = nh(g — 1) + fid — nd + 1, 
then the image of the slant product c r (— 7n(V* <S> V))Yy under the restriction map 
H* g (C) - H g (S A;i ) - H^ A (C(nJr) © H* g{n _^_ d) (U(n,d)) 

is the product 

of the equivariant Euler class e h ^ of the normal bundle to 5- d - in C with the image of 7 under 
the Lefschetz duality map 

LD : Hf^\C(hJY) - H*(M s (h,d)) -> H^-*(C(n,d) ss ) 

and j copies of minus the generator a[ G H*^^(C(n,d) ss ). 

The proof of Proposition 14.51 is based on the following three lemmas. 
Lemma 4.6 T7ie restriction of the equivariant Chern polynomial 

c(-7r,(V* (8) V))(t) = c fe (-7r,(V* ® V))t fe 

fc>0 

to C(n,d) s x C(n,d) ss x U(n,d) equals the product 

c(-tt!(V* ® Vi))(t)c(-7r,(V* ® V 2 ))(t) 

where c(— 7ri(V* ® V2))(t) «s a polynomial in t of degree at most 

n(n — n)(g — 1) + nd — nd 

as predicted by the Riemann-Roch theorem. Moreover the restriction of the Chern polynomial 
c(— 7Ti(V* (g) Vi))(t) to i/ie complement in C(h,d) s x C(n,d) ss x U(n,d) of A s x U(n,d) where 

A s = {(Fx, F 2 ) G C(n, d> x C(n, d) ss : F x = F 2 } 

zs a polynomial in t of degree at most n 2 (g — 1) as predicted by Riemann-Roch. 
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Lemma 4.7 There is a line bundle C over A s with first Chern class 

c\{C) = a,} — hi 

such that 
and hence 

7r,(v* ® v 2 )| A . xuM = £ ® 7n(K ® v 2 )| A . xE , M . 

Moreover the codiraension of A s in C(n,d) s x C(n,d) s is n 2 (g — 1) + 1 and its normal bundle 
has equivariant Chern polynomial 

c(-7T!(v; ® Vi))(t) = c(-7r,(v* ® v))(*) = c(-jc* ® 7r,(v* ® vox*)- 

Lemma 4.8 7/j > then the restriction to C(h,d) s x C(n,d) ss x U(n,d) of 

Cft2( ff _ 1 ) +J - +1 (-7Ti(V* X VO) 

(ai -4 1} ) J '[A S x 
where [A s x C/(n, rf)] the equivariant cohomology class in 

duai to i/ie closed subvariety A s x U(n,d) ofC(n,d) s x C(h,d) ss x U(n,d). The restriction of 

C r(n,d)+j( — 7r !(V* <8> V)) 

where e h g = ^i(Vi ®V 2 )) is the equivariant Euler class of the normal bundle 

to S hi in C. 

Proof of Proposition given Lemma \4 . ffi We need to show that if r = r(n,d) + j and 
7 G H^ n ' d \C(n, d) s ) then the restriction to 

of the slant product 

C r (-7T,(V*® V))\ 7 

equals (-af') J LD(7)e ft( j. By Lemma l4~Hl it suffices to show that the slant product 

e^ax - af^A* x C/(M)]\7 
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equals (— a^y LD{^)e h ^ where by abuse of notation is being used to denote cohomology 
classes on two different spaces. By the definition of the slant product 

H*{Ax B)®H,{B) -> H*{A) 

we have 

{c\b, a) = (c, a x b) 

for all a G H*(A),b G H*(B) and c G H*(A x 5), where (, ) denotes the natural pair- 
ing between cohomology and homology |oTH p. 287]. Note that the slant product with any 

7 G H* (C(n, d) s ) of any multiple of a\ is zero, because multiples of the generator a\ of 
H*{BU{1)) in 

l?J M (C(n,<2n = H*{BU{l))®H^ A {C{n : d) s ) 
annihilate H*^ n ' d \C(n,d) s ). Thus we need to show that 

((-^KiA* x [/(n,d)]\ 7 = (-af^e^W, 

or equivalently that 

((-aftye^A' x U(n,d)],ax 7 ) = ((-a^yLD^e^a) 

for all a G iff M^^^ji, d) ss x C/(n,d))- But 

((-aftye^A' x U(n,d)],ax 7) = <(-«?^| A . Kl , M ' (a X 7) R (A * X U &> 

by the definition of the cohomology class [A s x U (n, d)] dual to the closed subvariety A s x 
U(n, d) of C(h, d) s x C(n, d) ss x U(n, d). On the right hand side here, we are working with the 
Q{n, d) x Q (n, d) x Q (n — h, d — <f)-equivariant cohomology and homology of A s x U(n, d). As 
above we identify this with the tensor product of the cohomology (respectively homology) of 
BU(1) x BU(1) and the Q(h, d) x Q(n, d) x Q(n — n, d — <i)-equivariant cohomology (respectively 
homology) of A s x U(n, d). The action of G(n, d) x Q{n, d) on A s is free and its quotient, the 
diagonal in A4 s (n, d) x A4 s (h,d), can be identified naturally with Ai s (n, d). Therefore we 
can identify the Q(n,d) x Q(n,d) x Q{n — n,d — cf)-equivariant cohomology and homology of 
A s x U (n, d) naturally with the Q(n — n,d — <i)-equivariant cohomology of Ai s (n, d) x U(n, d). 
The intersection of a product a x b of cycles in H*(A) with the diagonal in A x A becomes 
the intersection a (lb when the diagonal is identified with A, and under Lefschetz duality the 
intersection (or cap) product n corresponds to the cup product of cohomology, so we get 



1 P 



As xUi nA ' (a X 7) n (AS X U &>^ = ({-aPYLD^e^a) 



for any 7 G H*' d ' = H*(Ai s (n, d)). This completes the proof of Proposition E~ol given Lemmas 
IQllTTIOl 

Proof of Lemma \4 ■ 6] First note that the restriction of the equivariant Chern polynomial 

c(-7r,(V* <8> V))(t) = £ Cfc(-7T!(V* <8> V))t fe 

fc>0 
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to C(h,d) s x (C(n, d) ss x U(n,d)) equals the product 

c(-n(V* ® Vi))(t)c(-7r,(V* ® V 2 ))(t) 

where V\ ® V 2 is the restriction of V to C(n, d) ss x £/(n, d). Since cf/n > d/n we have d/n > 
(d — d)/{n — h), and so if F\ and F 2 are semistable bundles of ranks n and n — n and degrees 
<i and d — d respectively then i?°(£, F* <S> -F 2 ) — 0. Hence c(— 7Ti(V* ® V 2 ))(t) is a polynomial 
whose degree is given by the Riemann-Roch theorem to be at most 

n(n — n)(g — 1) + n(d — d) — (n — n)d = h(n — n)(g — 1) + nd — nd. 

On the other hand if F\ and F2 are both semistable of the same rank and degree, and one of 
them is stable, then H°(E, F? <g> F 2 ) = unless Fi = F 2 in which case H°(E, F? <g> F 2 ) = C 01 
Lemma 5.1]. Thus the restriction of c(— 7ri(V* <E> Vi))(t) to the complement in 

C{n, d) s x C(n, d) ss x U(n, d) 

of A s x U (n, d) where 

A* = {(F 1 ,F 2 )GC(n,d) s xC(n,rfV s :F 1 = F 2 }, 

= {(F 1 ,F 2 )GC(n,J) s xC(n,rfr:F 1 = F 2 }. (4.2) 

is a polynomial whose degree is given by the Riemann-Roch formula to be at most n 2 (g — 1). 

Proof of Lemma \4 . 7[ By definition A s is the inverse image of the diagonal in Ai s (fi, d) x 
A4 s (n, d) under the quotient map 

C(n, d) s x C(n, d) s -> c (M) a *C(M) S = M s^ A x d y 

S(n,d) x£(M) 

Therefore its codimension is dim7W s (n, cf) = n 2 (g — 1) + 1 and its normal bundle in C(n, d) s x 
C(n, <i) s is the pullback of the normal bundle to the diagonal in A4 s (n, d), whose Chern poly- 
nomial is just the Chern polynomial of the tangent bundle TA4 s (fi, d) when the diagonal is 
identified with Ai s (n, d) in the obvious way. 

Now the constant central subgroup U(l) of Q{n,d) acts trivially on C(h,d) s , the quotient 
Q(n, d) = Q(n, d) /U(l) acts freely with quotient Ai s (n, d) and we have a canonical isomorphism 
Pp.577] 

H* {hA (C(n,dY) = H^ A {C{hJy)®H\BU(l)) 
= H*{M s {n,d))®H*{BU{l)). 

Similarly the central subgroup U(l) x U(l) of G(h, d) x Q(n, d) acts trivially on A s (and on its 
normal bundle), the quotient Q(h, d) x Q{n, d) acts freely with quotient A4 s (h, d) and we have 

H*{M s {h,d))®H*{BU{l))®H*{BU{l)). (4.3) 
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By |TJ p. 582], in K-theory we may write 

TM s (nJ) = 1-7T!(V*®V) 

if we note that U(l) acts as scalar multiplication on the fibres of V and hence acts trivially on 
V* <E> V, so that V* ® V descends to a bundle over Ai s (n, d). Thus the normal bundle to A s has 
equivariant Chern polynomial 

c(l - 7r,(V* ® V))(t) = c(-7r,(V* ® V))(t), (4.4) 

which lies in the component 

of d ") x g( A j)(^ s ) as decomposed at (|4.3j) above. Note that the rank of this normal bundle 
is n 2 (g — 1) + 1. 

The only endomorphisms of a stable bundle are multiplication by scalars [HJ Lemma 5.1], 
so if (F 1 ,F 2 ) E A s then H°(J:,F^ ® F 2 ) = C. It follows from this that there is a line bundle 
C over A s whose fibre at (Fi.Fo) G A s is H°CE, V* (8> Vi ), and the restriction of 

V ' K {F^x^x^^ 

L to the diagonal in C(h,d) s x C(n,d) s is trivial. The action of Q(n,d) x Q(n,d) on A s lifts 
naturally to £, and if ti and t 2 lie in the constant central subgroup U(l) of Q(n,d) then 
(ti,/^) £ G(n,d) x Q{h,d) acts on the fibres of £ as scalar multiplication by ti 1 t 2 . Thus the 
(?(n, d) x £/(n, <i)-equivariant Chern class of £ is given by 

c\{C) = a,i — di, 

where d\, and are the generators of the first, second and third copies of the polynomial 
ring H*(BU(1)) in 

^g(h,d)xg(h,d)xg(n-h,d-d)^ S x U{n,d)), 

so that the restriction of a\ equals + af^ (see Definition 14.41 above). There is a natural 
isomorphism 



V 



A*xt/(rM)xS ® ^ ~ Vl lA=xt/(n,d)xS 



of bundles over A s x U(n,d) x E, where 7r*£ is the pullback to A s x S of the line bundle L 
over A s . (By abuse of notation we are using it to denote the projection from X x £ to X for 
several different spaces X.) Hence 

^ ® ^)Lxl7(M> " ^ ® ® ^Ia-xITM > 

and 

^ ® ^L-xizM - ^ ® v 0L.*i7M = ® ™.(v* ® Vi; 

This completes the proof of Lemma 14.71 



A s x[/(n,d) 



Proof of Lemma \4 . tf[ To prove Lemma [4.81 we use Porteous' Formula (21 P-86], §14.4], 
as in Beauville's proof |3] of the theorem of Atiyah and Bott that the classes a r ,bi, f r generate 
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H*(M(n,d)) (cf. [221 and J3|). We can choose an effective divisor D on E with no multiple 
points such that for all semistable bundles Fx and F 2 of rank n and degree d we have 



h 1 (e,f;®f 2 ®o(d)) = o. 

Then tensoring the exact sequence 

-> O -> 0(D) -> C D -> 

with V* ® Vi over C(n, J) s x C(n, <f) ss x U(n,d) x £ gives us 

vri(V* ® Vi) -> tt,(V* ® Vi ® 0(D)) -> tt,(V* ® Vi ® O d ) (4.5) 

corresponding to the standard long exact sequence of cohomology. By our choice of D the second 
and third terms in the sequence (J4.5|) are vector bundles over C(n, d) 8 x C(n, d) ss x U (n, d) which 
we will call Wi and W 2 . Then 

c(-7T!(V* ® Vi))(t) = c(W 2 - Wi)(t). (4.6) 

Moreover, by the argument above, the kernel of the map Wi — > W 2 is a skyscraper sheaf 
supported on A s x U (n, d). Therefore A s x Z7(n, d) is the degeneracy locus of the map Wi — > VV2, 
and by Riemann-Roch the expected codimension 

rank W 2 — rank Wi + 1 

of the degeneracy locus is equal to its actual codimension h 2 (g — 1) + 1 (see Lemma 14. 7 j) . 
Therefore by Porteous' Formula the Poincare dual of A s x U (n, d) in 



H 



is 



Cft2 (s _ 1)+1 (>V2 - Wi) = c ft 2 (3 _ 1)+1 (-7r,(V* ® Vi). 

In other words we have shown that the restriction of c^2 ( - 9 _ 1 ) +1 (— 7n(V* ® Vi)) to C(h,d) s x 
C(n,d) ss x U(n,d) is the equivariant cohomology class [A s x U(n,d)] defined by A s x U(n,d) 
in 

Ky^rl a - , d) s x C(n, d) ss x [/(n, rf)). 

g(n,d)xg(n,d)xg(n-n,d-d) y v ' / v ' / v ' // 

We can express the higher Chern classes of — 7Ti(V* ® Vi) in a similar way using Fulton's excess 
Porteous formula |T4"1 p. 258]. We have been considering the degeneracy locus of the map 
Wi — > W2 (defined as the locus where the rank of the map is strictly less than rank Wi). More 
generally for any k < minjrank Wi, rank W2}} we can consider the kth degeneracy locus where 
the rank of the map is at most k. But we know that if Fx and F 2 are both semistable bundles 
of rank n and degree d and one of them is stable, then H°(H, F± ® F 2 ) =0 unless Fx = F 2 in 
which case H°(E, F x * ® F 2 ) = C. Thus the rank of the map Wi -> W 2 is at least rank Wi - 1 
everywhere on C(n, c?) s x C(n, d) ss x Z7 (n, d), so the /cth degeneracy locus of the map Wi — > W 2 
is empty for any k < rank Wi — 1 . The same is of course true of the map Wi — > W 2 © C J given 
by composing Wi — > W2 with the inclusion W2 — > W 2 © C- 7 for any j > 0. This means that 
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we can apply the excess Porteous formula (see Examples 14.4.7 and 14.4.1) to this map 
Wi — ■> W2 © C J . Since the Chern polynomial of W2 © C- 7 is the same as that of W2, we obtain 

c, 2(3 _ 1)+3+1 (W 2 © Wi) = c,(£* © © C J ) © AT)[A S x C/(n, d)} (4.7) 

where the restriction of Wi — > W2 to A s x {/ (n, 0?) fits into an exact sequence 

0^£^W 1 ^W 2 ^F^0 (4.8) 

and TV is the normal bundle to A s x U(n, d) in C(n, d) s x C(n, d) ss x C/(n, d). Here the kernel 
£ is of course the line bundle over A s which first appeared in Lemma 14.71 From the exact 
sequence (14. 8 j) over A s x U (n, d) we obtain 

c (F)(t) = c(w 2 em®£)(t) 

= C(-7T!(V* © Vl) ©£)(*). 

Moreover by Lemma l4~7l the normal bundle M to A s x U(n, d) has equivariant Chern polynomial 

c(-£*®7T!(V*®Vi))(t). 

Therefore c(£* © (J* 7 © d) © JV)(t) is equal to 

c (r © ((-7r,(v* © Vi)) © £ © c j ) © r © tt,(v* © Vi))(t) 

= c(£* ©£©£*© d)(t) = (c(£*)(t)V' = (1 - Cl (£)t) J ' = (1 + (ai - aj°)t)'. 
Thus by gSJ) and (j27j) 

(oi-a^ytA'x^n,*!)] = c flVl)+i+1 (W 2 9 

= c ft 2 (g _ 1)+J+1 (-7r,(V* © Vi)). 

This completes the proof of the first part of Lemma 14.81 

By Lemma W1j\ the restriction to C(n, d) s x C(n, d) ss x C/(n, d) of c(— 7n(V* © V))(t) equals 

c(-7T,(V* © Vl))(t)c(-7T,(V* © V 2 ))(t) 

where c(— 7n(V* © V 2 ))(t) is a polynomial of degree at most 

77,(71 — n)(gf — 1) + — nd. 

If r > r(n, d) then 

r — n(n — w)(<7 — 1) + fid — nd > n 2 (g — 1) + 1 
and so the restriction of c r (— 7Ti(V* © V)) is the coefficient of t r in 

E c fc (-vr,(V* <g> Vi))t fc c(-7r,(V* © V 2 ))(t), 

fc>n 2 (g-l)+l 

which we have just seen is equal to 

XX&i - a?) j [A s x f/(n, d)]r 2 ^- 1 ) +J ' +1 c(-7r ! (V* © V 2 ))(t) 
i>o 
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= [A s x U{n, d)} 

By Lemma f4. 71 we have 

7r,(V*®V 2 ; 



t h 2 (g-l)+l 

1 + (aS 1} - a x )t 



c(-7Ti(V*<g>V 2 ))(t) • 



A s x[/(n,d) 



If F is a vector bundle of rank k and L is a line bundle then the Chern polynomials c(F)(t) 
and c(F ® L) (t) are related by the formula 

t k c(F ® L)(t~ r ) = (t + Cl {L)) k c{F){{t + c^L))- 1 ) 

21.10]. The same is therefore true if F is a virtual vector bundle of virtual rank k. Thus 



t n(n-h)(g-l)+hd-nd c ^_^ ( y* g y 2 ) ^ 



A s xU(n,d) 



equals 



(* + <*(£)) 



n(n— h)(g— l)+hd— nd 



c(-n,(Vl ® V a )| A . xl7(M) )((t + c^/:))- 1 ). 



Hence the restriction of c r (— 7ri(V* ® V)) is the coefficient of £ r in the product of [A s x Z7(n, d)] 
with 

f -n 2 (g-l)-l 

-c{-7r l (v*®v 2 )){r 1 ) 



1 + (aS 1} - ai)/t 



j.-h 2 (g-1) (j- _|_ a (l) _ - \ft(n.-n)(0-l)+n<i~nd 



c(-7T, (Vr®V a )) 



(t + ai 1} - a 1 )i™( n -™)(f- 1 )+" d -™ rf " 

= + fl (l) _ ai )n(n~n)( 9 -l)+nd~ni-l c (_ 7r! (y* ^ y^) ^ 

This coefficient is the coefficient of t- r + r ('M)-i j n 

[A s X d)]{t + a? - hl f(n-n){g-l)+nd-nd-l c ^ (y* ^ 



t + a,i — d\, 



t + — Si , 



s t + ai — ai , 



But r > r(n, d), so — r + r(n, d) — 1 is strictly negative, and c( — 7Ti (V^ ® V2))(£) is a polynomial 
of degree at most h(n — n)(g — 1) + nd — nd in t, so that 



>t + ai — ai, 



is the sum of 



h(n-n)(g- 



-i )+ nd-w-i(-^(Vr®V 2 )) _ 



A s xC/(n,d) 



t + af^ — d\ 



and a polynomial in t. Thus the coefficient we want is equal to the coefficient of t r+r ( n < d ) 1 in 



[A s x U{h, d)] 



^h,d 



s t + ai — d\ , 



e^[A s xU(nJ)]\j: 

\j>o 



This completes the proof of Lemma 14.81 and hence of Proposition 14.51 
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5 Some refinements 

Recall that given 77 G H* *(C(n, d) ss ) ® iif* _„ d _^(C{n — n,d — dj) we wish to find a relation 

whose restriction to C(n 1 ,c/ 1 ) ss x U(ni,di) is zero when d\/n\ < d/n or d\jn\ = d/h and 
rii < n, and when (ni,di) = (n,d) equals rje^j. Lemma [4.21 and Proposition 14.51 deal with ry in 

the image of the Lefschetz duality map LD which maps H^ n,d \C{h,d) s ) to H± ^{C(n, d) ss ) 
and thus into 

H* g(fiA (C(nJr) = H^ hA (C(hJy s )®H*(BU(l)), 
and more generally with 7] of the form 

V = (-a?yLD(j), (5.1) 

for some 7 G Hf^ n ' d \C(n,d) s ) where is the generator of H*(BU(1)). When n and d are 
coprime this gives us all rj G H* h ^(C(n, <i) ss ). 

We know that Hg^^iCin^d)) is generated (as an algebra over Q) by the Kiinneth compo- 
nents a r , bj,, f r for 1 < r < n and 1 < j < 2g of the equivariant Chern classes 

c r (V) = o r ®l + 5^6j®a J - + / r ®u;e H* g(nd) {C(n } d)) ® #*(£) 
j=i 

where {1}, {«i, . . . , a 29 }, {tu} are standard bases for i7°(E), if 1 (E) and -f^ 2 (S) respectively. 
The equivariant Chern classes of V are the elementary symmetric polynomials in its (formal) 
equivariant Chern roots Ai,...,A n . All symmetric polynomials in the Chern roots Ai,...A n 
represent elements of Hg^ nd ^(C(n,d)) x H*(E), and in particular we have 

n 

Y,(Aj) r £H g{nA) (C(n,d))®H*(i;) 

for r > 0. Moreover all symmetric polynomials in A\, ...,A n can be expressed as polynomials 
in 

n 

E^)' : 1 < r < n}, 

(this follows by induction from Girard's formula; see [371 p 195]) and in particular Ci(V), c n (V) 
can be expressed thus. Therefore the generators a r , b J r , f r can all be expressed as polynomials 
in the Kiinneth components of {Y^j=i{Aj) r : 1 < r < n} and thus these Kiinneth components 
generate Hg^ nd ^(C(n,d)) as a Q-algebra. Similarly 

is generated as a Q-algebra by the Kiinneth components of 
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for 1 < r < n and of 



E 

j=h+l 



for 1 < r < n — n, where B\, ...,Bn are the £/(n, d)-equivariant Chern roots of the universal 
bundle Vi over C(h, d) and -Bn+i, -S n are the Q{n — h,d — <i)-equivariant Chern roots of the 
universal bundle V2 over C(n — n, d — d) . We may assume that Bj is the restriction of Aj to 
C(n, d) x C(n — h,d — d) for 1 < j 1 < n. Then 



E(^i) r + E W = E(^: 

j=l j=n+l jf=l 



C(n,d) xC(n— ri,c(— d) 



for 1 < r < n. This proves: 
Lemma 5.1 

zs generated as a module over Hg(C) by H*,^^JC(n,d)). 

When h and d are coprime, we have now obtained the relations we need: 
Proposition 5.2 Let h and d be positive integers with < n < n and d/n > d/n, and suppose 

V e H* g{ii d) (C(n, dD ® l^n-W 17 ^' d)) - tf^)- 
J/n ond d are coprime there is a relation in the ideal in Hg(C) generated by the slant products 

{c r (-7r,(V* <g> V))\7 : r > r(n,d) = nn(g — 1) + fid — nd + 1, 7 G H^\C{n,d) ss )} 
whose image under the restriction map 

H g(n,d)(C(n,d)) -> ^ (nijdl) (C(m,di)) ® iyg (n _ nijd _ dl) (C/(ni,di)) 

zs zero w/ien d\/n\ < d/n and also when d\/ni = d/n and n% < n, and when (jii,di) = (n,d) 
equals V e n,d- 

Proof: This follows from Remark 14.11 Lemma 14.21 Proposition 14.51 and Lemma 15.11 together 
with the fact (see Remark 13.21 and Proposition 13. 3|) that the restriction maps 

and 



H^ n -^(C(n -n,d-d))^ H^^Uin, d)) 



are surjective. 
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6 Parabolic bundles 



At this point we need to observe that all our arguments can be generalised from vector bundles 
over a compact Riemann surface £ to apply to moduli spaces of parabolic vector bundles over 
E equipped with finitely many marked points pi, . . . ,Pk- For more details on parabolic bundles 
see |13 |I3 IS E7| . 

To simplify the notation in this discussion we shall assume that there is only one marked 
point p. A parabolic bundle on (E,p) is a holomorphic bundle E on E with a flag 

= 4 m+1 ) c 4 m) C . . . C EM = E p (6.1) 

of length m > 1 in the fibre E p of E at p, together with a sequence of weights < a± < «2 < 
. . . < a m < 1. 

A holomorphic subbundle F of the parabolic bundle E inherits a parabolic structure by 
intersecting the flag with the fibre F p of F at p and taking the corresponding weights, but 
omitting any intersections F p n E^ such that F p R E^' = F p n E^~ l \ A quotient bundle of E 
becomes a parabolic bundle in a similar way 

If 1 < k < m then the multiplicity of the weight a k is 



Jk = dim(E^fE^) 

the parabolic degree of E is 



pardeg(E) = deg(E) + £ a fc dim^/^' 

fc=i 

pardeg(i?) 



-i) 

fc=l 

and the parabolic slope of is 

par/x(£) 

rank(£/j 

Stability and semistability for parabolic bundles are then defined just as for vector bundles, and 
each parabolic bundle has a canonical Harder- Narasimhan filtration by parabolic subbundles. 

Remark 6.1 It will be important for us to have sufficient conditions on n,d, (aj., . . . , a m ) 
and (ji, . . . ,j m ) for all semistable parabolic bundles with rank n, degree d, parabolic weights 
a m and multiplicities ji, . . . ,j m to be stable. Such a semistable parabolic bundle E is 
not stable if and only if it has a proper subbundle E such that 

pardeg(-E') pardeg(£') 
rank(E) ~ rank(E) ' 

and so there exist integers n,d and ji, . . . , j m such that < h < n and < jk < jk and 
J i H \~jm = n and 

n n 

It is easy to see that the set of parabolic weights (cui, . . . , a m ) for which there exist integers n, d 
and ji, . . . ,j m such that < h < n and < jk < jk and j\ + ■ ■ ■ + j m = h and 

d + EIT=i ^fcjfc = d + E^=i 
n n 
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is closed in {(ai, . . . , a m ) G M m : < a\ < . . . < a rn < 1}, since there are only finitely many 
choices of h and ji , . . . , j m and then 



is required to be an integer. This set is also nowhere dense in {(«i, . . . , a m ) G M m : < a% < 
. . . < a m < 1} unless 

(i) d, n and ji, . . . , j m have a common factor ft, > 1, 

(ii) n is an integer multiple of n/h and 

(hi) d = nd/n and jk = njk/n for 1 < k < m, 

in which case there are no constraints on a%, . . . , a m other than < a± < . . . < a m < 1. In 
particular this set is nowhere dense in {(ax, . . . , a m ) G K m : <«!<... < a m < 1} if j k = 1 
for some k. 

Nitsure jl^j showed that it is possible to generalise to parabolic bundles the methods of 
Atiyah and Bott PQ for calculating the Betti numbers of the moduli spaces Ai(n,d), and 
finding generators for their cohomology rings, provided that n, d, (oti, . . . , a m ) and (ji, . . . ,j m ) 
are such that semistability coincides with stability. For this we fix a C°° bundle S over S with 
rank n and degree d, and a filtration of the fibre of S at p as at (j6.1|) with associated weights 
< «i < . . . < a m < 1. As before we let C be the space of holomorphic structures on £, 
and we let ParQ (respectively ParQ c ) be the subgroup of the gauge group Q (respectively the 
complexified gauge group Q c ) consisting of all complex C°° automorphisms of £ which preserve 
the parabolic filtration. Then ParQ c acts on C and its orbits correspond to the isomorphism 
classes of parabolic bundles over E of the given rank, degree and parabolic structure. 

The parabolic Harder-Narasimhan filtration defines for us a smooth Par^-equivariantly 
perfect stratification of C whose unique open stratum C parss consists of those induced parabolic 
structures on £ which are semistable. However the strata are in general not connected, and the 
connected components may even have different dimensions. So Nitsure refines the stratification 
by using the compound type (/x, I) of a parabolic bundle E. Here \i is the parabolic Harder- 
Narasimhan type of E given by 



where = Eq C E\ C . . . C E s = E is the parabolic Harder-Narasimhan filtration of E and 
the entry par/i(£j/£y_i) is repeated dim(Ej/Ej-i) times, while I is the s x m intersection 
matrix {Ik J) of E with entries defined by 




H = (par/z(£i/£ ), . . . ,par/i(K,/£ s _i)) 



h, 



dim((E 1 ) p ni?( m )) 



and 



J M = dim((£ fc ) p n£f ) 



E 



1 < i < k 
£ < j <m 
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for 1 < k < s and 1 < £ < m, where (Pfc) p is the fibre at the marked point p of the subbundle 
E k of P, and E^ is the £th term in the fixed flag in E p . If C^j denotes the subset of C 
corresponding to all holomorphic structures on £ with the same compound type (/i, I) as E, 
then C^j is connected and 

H* Par g(C,,i) = <g> H^^m/S^n (6-2) 



=i 



where = £ C £\ C . . . C £ s = £ is a fixed C°° filtration of £ of type (/x, /), while 
C(^/^_i) parss and ParQ(£i/£i^i) are defined just as C parss and Par£ except that £ is re- 
placed by £i/£i-\ with its induced parabolic structure. Moreover by [15] Proposition 3.6 the 
Par(?-equivariant Euler class e Mi / of the normal bundle to C^j in C is not a zero divisor in 
Hp ar g(C^j), and hence by the criterion of Atiyah and Bott |T] §13 the stratification of C with 
strata C p j indexed by compound type (/i, I) is Par^-equivariantly perfect (see [13] §3). Thus 
the restriction map 

Hp ar g(C) - H* Parg (C^ ss ) 
is surjective, and by Proposition 3.2 we have 

H* Parg {C)^H*{Bg)®H*{T) 

where T is the flag variety of flags in C n of the type specified by the parabolic structure. 
Furthermore, when semistability coincides with stability we have 

H* Parg (C parss ) ^H*(M)® H*(BU(1)) 

where M. = C parss / ParQ is the moduli space of parabolic bundles over S of the given parabolic 
data (that is, the given rank, degree, weights and multiplicities). 

Thus generators of H*(BQ) and H*(T) provide generators for the rational cohomology of 
the moduli space A4, and the completeness criteria described in Proposition 3.3 generalise 
immediately to give completeness criteria for relations between these generators in terms of the 
strata C^j. 

Just as in the non-parabolic case, these completeness criteria can be simplified by using a 
coarser stratification of C indexed by the coarse compound parabolic type of parabolic bundles. 
Here a parabolic bundle E has coarse compound parabolic type (ni, d\, j^i, . . . , j m ,i) if its 
parabolic Harder-Narasimhan filtration 

= E C Pi C . . . C E s = E 

is such that Pi has rank n\ and degree d\ and 

(£i) P nPf) 



Xi = dim 



for 1 < £ < m, where (Pi) p is the fibre of Pi at p and E^ is the £th term in the fixed flag (|6.1|) 
in the fibre E p of P at the marked point p. We will denote by S nij d u j hl ,...,j mA the subset of C 
consisting of all parabolic structures with coarse compound parabolic type (n 1; di,j lt i, . . . , j m ,i)- 
The proof that the stratification of C by coarse type is smooth and C7 c -equivariantly perfect 
(se §3) carries over directly to give a proof that the stratification of C by coarse compound 
parabolic type is smooth and Par^-equivariantly perfect, and we obtain 
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Proposition 6.2 (Modified Parabolic Completeness Criteria) Let 1Z be a subset of the kernel 
of the restriction map 

H Parg (C) ^ H Parg (C^ ss ). 

Suppose that for each sequence of integers (n, d,ji, . . . ,j m ) with < n < n and < je < je for 
1 < I < m and j\ + • • • + j m = n and 

d + YT=i a di d + J2T=i a dt 
n n 

there is a subset TZ^^n j m °f ideal generated by 1Z in H* Par g{C) such that the image of 
lZ~s~ -■ under the restriction map 

Hparg{C) ~^ Hp ar g(Sn 1 ,d 1 ,j ltl ,...J m l ) 

is zero when either 

di + TT=i a de,i d + J2eLi ctdi 
ni h 
or equality holds and ni < h, except for the case when 

{ni, d h . . . , j m>x ) = (h, d,ji,...,j m ), 

and in the latter case the image oflZ h ^-- i -- m equals the ideal of Hp^g^S^ d -, ji, . . . ,j m ) gener- 
ated by the equivariant Euler class of the normal bundle to the stratum S h ,j m 
in C. Then TZ generates the kernel of the restriction map 

HpargiC) - H Parg (C^ ss ) 

as an ideal in H Par g{C). 

Furthermore, in the notation used at ()6.2|) . we have 

H Par g {S hAh 3 J - H^g^C^m ® H Parg{£/£i) (U(n, d,j h . . . ,j m )) (6.3) 

where U(n,d,ji, . . . ,j m ) is an open subset of C{EjE\) such that the restriction map from 
Hpargie/e^i 8 /^)) t0 Hpargis/Ex^i^^jx, . . . , j m )) is surjective (cf. (3.6)). 

Suppose now that (n, d, j\, . . . , j m )) is a sequence of integers satisfying the conditions of 
Proposition 16.21 Since 

d + T,T=i a de d + J2T=i a di 
n n 

there are no nonzero parabolic bundle maps from a semistable parabolic bundle of rank n and 
degree d with parabolic weights («i, . . . , a m ) having multiplicities . . . ,j m ) to a semistable 
parabolic bundle E of rank n and degree d with parabolic weights (aj, . . . , ot m ) having multi- 
plicities (ji, . . . , j m ). Therefore if ParHom(V, V) denotes the subsheaf of V* <g> V over C(n, d) x 
C(n, d)xE consisting of parabolic bundle maps, then the restriction to C(n, d) parss x C(h, d) parss 
of —7i\(ParHom(y,V) is a bundle (rather than just a virtual bundle) whose rank is given by 
the Riemann-Roch theorem as follows: 
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Lemma 6.3 The restriction to 

C{n, d) parss x C(n, d) parss 
of the virtual bundle —ir\(ParHom(V,V) is a bundle of rank 

m 

nh(g - 1) + dn -dh + ^{ji H h 

1=2 

Proof [ci. 133] Proposition 1.17): There is an exact sequence of sheaves 

-> ParHom(V, V) -> V* ® V -> 5 -> 

over C(n, c?) x C(n, d) x E, where S is supported on C(n, d) x C(n, d) x {p} and is the pullback 
of the skyscraper sheaf on E supported at p with fibre 

v; g v P 

ParHom(V p , V p ) 

which has dimension 

m m— 1 

£0'l + • ■ ■ + = J2 jtUt+l + " " " + 3m)- 

e=2 i=\ 

The Riemann-Roch theorem tells us that the virtual rank of — m (V* <8> V) is nh{g — l) + dn — dn 
(cf. (|3.5|) or P §7) and the result follows. 

It follows from this lemma that the equivariant Chern classes 

c r {-^{ParHom{Vy)) E H* Parg (C(n, d)) ® H* Par $(C(n,d)) 

restrict to zero in C(n, d) parss x C(n, d) parss when 

m 

r > r(n, d,j 1 , ...,j m )= nn(g - 1) + dn - dn + J2Ui H ^ je-i)je, 

1=2 

and then their slant products with any 7 G H^ arS (C(n, d) parss ) give us elements of the kernel 
of the restriction map 

H* Parg (C(n,d)) - i/; are (C(n,dr- s ) = ff*(.M) ® iT(M/(l)). 

The arguments of §4 and §5 now generalise directly to the case of parabolic bundles, and the 
proof of Proposition 5.2 gives us 

Proposition 6.4 Let n, d and ji, . . . ,j m be integers satisfying < n < n and < ji < je and 

h H \-jm = n and 

d + J2T=i cgje d + J2T=i ade 
h n 
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and suppose that r] is any element of 

HpareiS^Jl, . . . ,Jm) = ^(^D ® H* Par . g{£ /£l) (U (h, d,J 1} . . . ,j n )). 

If every semistable parabolic bundle of rank n, degree d and parabolic weights (ax, . . . , a m ) with 
multiplicities (ji, . . . ,j m ) is stable, then there is a relation in the ideal in H Parg {C) generated 
by the slant products 

{c r {-n{ParHom{V, V)))\ 7 : r > r(n, d,j h . . . , j m ), 7 e H^' d \C(h, d) parss )} 
whose image in 

HkrgiS^Ji, ...3m) = H* Parg{Sl) {C{E x y^) g, F* arg(£/£l) ([/(n, d, J U . . . Jm)) 
is zero when 

d\ + TT=i a de,i d + Y,7=i a de 
rii n 

and a/so u>nen equality holds andn\ < h, except for the case (rii, di, . . . ,j m ,i) = {n, d,ji,... ,j m ) 
when it equals rje^ 

7 The good case 

We are aiming to prove the following generalisation of Theorem 12.11 which is stated using the 
notation introduced in §6. 

Theorem 7.1 If n and d are coprime and C(n,d) parss = C(n,d) pars then the kernel of the 
restriction map 

p : H* arg (C(n,d)) -> H* Parg (C(n,dr rss ) 
is generated as an ideal in H Parg (C(n, d)) by slant products of the form 

c r {-^{ParHom{V,V)))yi 

for integers h, d, j 1; . . . ,j m and r satisfying jx + • ■ ■ + j m — n with < h < n and < ji < je 
for 1 < i < m, and 

n h n 

and 

m 

nh(g — 1) < r — dn + dn — ^(ji H h k-\)k < nn(g + 1), (7.2) 

e=2 

where 

c r {-<K X {ParHom{V,V)) e H Parg (C(n,d)) ® H* ParS (C(h,d)) 

is the rth equivariant Chern class of the virtual bundle —ir\(ParHom(V,V)) and 7 lies in the 
image of the natural map 

H? arC ^(C(h,d) parss ) -> H^ arC{h ^(C{h,d)). 
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The slightly weaker version of Theorem 17. II omitting the second inequalities in (|7.1|) and in 
(|7.2j) follows immediately from Propositions 16 .21 and 16 .41 in the special case when the choices of 
d, n and the parabolic data (a\, . . . , a m ) and (ji, . . . ,j m ) satisfy the following condition: 

Definition 7.2 We shall call d, n and the parabolic data (oti, . . . , oc m ) and (ji, . . . ,j m ) a good 
choice of parabolic data if every semistable parabolic bundle of rank n, degree d, parabolic 
weights (ai, . . . , ot m ) and multiplicities (ji, . . . ,j m ) satisfying ()7.1|) and ji + • ■ • + j m — n, with 
< n < n and < je < je for 1 < £ < m, is stable. 

Remark 7.3 In fact if we look carefully at this proof of the slightly weaker version of Theorem 
17.11 for good parabolic data (in particular at the proofs of Propositions 13.61 and 4.5), we find 
that if T) lies in the kernel of the restriction map p then we can write 

T) = 01 H hfffc 

where 

a, = c n {-^{ParHam{V^\ V))\ 7i 

for some (n^d^jij, . . . ,j m ,i, r i) satisfying < n, < n and < < je for 1 < i < m and 
H h jm,i = fii and 

d + ET=i a eJe h + ET=i < ... < 4 + Eg=i aeje,k 
n hi hk 

and 

m 

Ti> nhi(g - 1) + cfjn — dnj + ^(jj H h 

1=2 

where is a universal bundle while 7« is given by the image of a suitable restriction of rj under 
the inverse of an appropriate Lefschetz duality map, which is an isomorphism since semistability 
equals stability (cf. Remark 4.1). 

Remark 7.4 If L is any line bundle over E, then a parabolic bundle E is semistable (respec- 
tively stable) if and only if E <g> L is semistable (respectively stable). Thus the condition that 
every semistable parabolic bundle of rank h, degree d, parabolic weights (aii, . . . , a m ) and mul- 
tiplicities (ji, . . . ,j m ) is stable depends on d only through its remainder modulo h. Thus for 
given n and d there are effectively only finitely many choices of h, d and (ji, . . . ,j m ) to consider 
in Definition 17.21 

Remark 7.5 It follows from Remarks 16.11 and 17.41 that if jk = 1 for 1 < k < m = n then an 
arbitrarily small perturbation can be made to any parabolic weights (a±, . . . , a m ) to give us 
good parabolic data in the sense of Definition 17.21 

Remark 7.6 Suppose that every semistable parabolic bundle of rank n, degree d, parabolic 
weights (oti, . . . , a m ) and multiplicities (ji, . . . ,j m ) is stable. Then it follows from Remark 16. II 
that if the parabolic weights (ax,...,a m ) are perturbed very slightly then the semistability 
condition is unaffected (that is, C(n, d) parss remains the same) and in addition the conditions 
on the integers h, d, (ji, . . . ,j m ) and r in (|7-H) and (|7.2|) of Theorem 17.11 are unaltered. Thus 
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if an arbitrarily small perturbation of the parabolic weights can be chosen to give us good 
parabolic data in the sense of Definition 17.21 then the weaker version of Theorem 17.11 omitting 
the second inequalities in (J7.1)) and (|7.2j) must hold. In particular Remark 17.51 tells us that if 
d and n are coprime and je = 1 for 1 < £ < m = n then this weaker version of Theorem 17.11 
holds. 



8 Reduction to the good case 

We have now proved the following weaker version of Theorem 17.11 in the special case when 
m = n and ji = . . . = j m = 1 (see Remark I7.6J) . Our aim in this section is to deduce the 
general case. 

Theorem 8.1 If n and d are coprime and C(n,d) parss = C(n,d) pars then the kernel of the 
restriction map 

p : H ParQ (C(n,d)) -> H* Parg (C(n,dY a n 
is generated as an ideal in H Par g(C(n, d)) by slant products of the form 

c r (-ir,(ParHom(V,V)))\^ 

for integers n, d,ji,... ,j m and r satisfying < h < n and < je < je for 1 < t < m and 
Ji H h j m = h and 

d + EgLi aej e < d + J2T=i <*tjt , g ^ 

n n 

and 

m 

nh(g - 1) + dn - dn + ^T(Ji H h < r (8.2) 

e=2 

where 

c r (-^{ParHom(y,V)) G H* Parg (C(n, d)) ® H* ParC (C(n, d)) 

is the rth equivariant Chern class of the equivariant virtual bundle —7t\(ParHom(V,V) and 7 
lies in the image of the natural map 

H? arC ^(C(h,d) parss ) -> H? ar ^(C(h,d)). 

To deduce this theorem from the special case when m = n and ji = . . . = j m = 1, we exploit 
the relationship between the kernel of p and the kernel of the corresponding restriction map 

p T : H ParTg (C(n,d)) - H ParTg (C(n,dr^ s ) 

where p T , Par^G and C(n, d) par T ss are defined as p, ParQ and C(n, d) Parss except that m is 
replaced by n, the multiplicities ji all become 1 and the weights («i, . . . , a m ) are replaced by 
(af , . . . , 0%) with the following properties: 

(i) < af < ai2 < . . . < < 1, 

(ii) if 1 < i < m then ji a i ^ and 

jl+-ji-l<j<jl-i hjt 
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(iii) aj is a small perturbation of a« if ji + ■ • • ji-i < j < ji + • — h ji- 

Let 5 be the standard Borel subgroup of GL(n;C) and let P be the parabolic subgroup 
which preserves the flag 

c ii c c ii+i2 c _ _ _ c c h+-+j m -i c c n 

Let ^ = GL(n-C)/P £/(n)/P n E7(n) and .F T = GL(n;C)/B = U(n)/T where T is the 
standard maximal torus of U(n). Note that if 

4> P ■ Q -> U{n) 

is the homomorphism which associates to any g G Q its action on the fibre of £ at the marked 
point p of E then 

Par T G = ( f>- 1 (T) 



and 

We have 

while 

and 



ParQ = <p- 1 (PC]U{n)). 
H Par . g {C) H*(BQ) ® H*{T) (8.3) 
Hp arT g{C) = H*(BQ) ® H*{T T ) (8.4) 



Hp ar g(C) = [H ParTg (C)} w (8.5) 

where W is the Weyl group of P n t/(n) (cf. jlHj Proposition 3.2 and [E] Theorem 20.6). By 
[371] Lemma 7.10 and Remarks 7.11 and 7.12 (see also Remar k 110.51 b elow) . if 77 G H Par g(C) = 
[H* ParT g(C)} w then 

G ker p if and only if D77 G ker p T (8-6) 

and, furthermore, multiplication by X> defines an isomorphism from ker p to ker p T ^[Hp arT g{C)] antlW , 
with inverse given by 

< » £ (-UMC). 

Here D is the image in H ParT g(C) of the element of H^{C) = H*(BT) represented by the 
product of the positive roots of U(ri) under the map 

H* T {C) -> flJ^CC) 

induced by the homomorphism <p p : Par^Q — > T. Under the decomposition ()8.4j) T> corresponds 
to the fundamental class in Bl*{Tt)- Note that T> is anti- invariant for the action of the Weyl 
group W in the sense that w(T>) = {—1) W T> for all w G W, where (— l) w is the determinant of 
w regarded as an automorphism of the Lie algebra of T. We denote by [Hp arT g(C)] anUW the set 
of elements of H* ParT g{C) which are anti- invariant for the action of W; if r\ G H* ParT g{C) then 
rj G H* ParT g(C)} antiW if and only if 



1 VV 1 w&W 
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Proof of Theorem \8.1\ Suppose that rj £ ker p. Then by (|8.6|) we have Di] 6 kerp T . But by 
Remark 17.61 we know that Theorem 18.11 is true when m = n and j\ — . . . = j n — 1. Therefore 
D?7 lies in the ideal in Hp arT g(C) generated by slant products of the form 

c r (—Tt\(ParHomf T (V, V)))Yy 

for integers n, d and r and a subset J of {1, . . . , n} with h elements, satisfying < h < n and 

d + J2T=i a di < d + Ete j ae , g ^ 

and 

n 

nn(^ - 1) + dn - dn + I J n {A • • • > n }\ <r - ( 8 - 8 ) 

£=2 

Here T is the standard maximal torus of U(h), while 

c f .(-7r ! (Pari/ m tiT (V,V)) G H* ParT g{C{n, d)) ® H* Par ^{C{n, d)) 

is the rth equivariant Chern class of the virtual bundle —7T\(ParHomf T (V, V), which is defined 

as in §6 with ParQ and ParQ replaced by PwtQ and ParfQ, and 7 lies in the image of the 
natural map 

H* arfG{fl4) (C(h, d) parss ) -> #f artg(M) (C(n, d)). (8.9) 

Moreover by Remark 17.31 we can take 7 to be the image of the restriction of T>rj under the 
inverse of a suitable Lefshetz duality map. 
There is an exact sequence of sheaves 

-> Par f T Hom(V, V) -> ParHom(V, V) -> 5 -> 

over C(n, d) x C(n, d) x E where *S is supported on C(n, d) x C(n, d) x {p} and is the pullback 
of the skyscraper sheaf on E supported at p with fibre 

ParHom(V p , V p ) 



Par Horn f T (V P , V p ) 

For integers n, d and r and a subset J of {1, ... ,71} with n elements as above, define integers 
Ji,---,j m by 

3k = \ J n {ji H h j'fc-i + 1, . . . , ji H h j fe }| 

for 1 < fc < m. Then < jjt < jk and since ji • • ■ + j m = n we have 

ji H h jm = \ J\ = fi. 

The weights of the action of T x T on ParHom(V p , V p ) are — A» for 1 < i < h and 1 < t < n 
such that h < k where h and k satisfy 

ji H h Jfc-i < * < Ji H h jh 
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and 

ji H \-jk-i < 2 < ji H 1- Jfc- 

The weights of the action of T x T on Par Horn f T (V p ,V p ) are A^ — A, for 1 < i < h and 
1 < £ < n such that 

i< \Jf] {!,...,£}]. 

Since % > \ J n {1, . . . , £}\ and ji + ■ ■ ■ + jk-i < £ implies that i > ji + ■ ■ • + jk, it follows that 
the weights of the action of T x T on 

ParHom(V p , V p ) 



ParHomf T (V p , V p ) 
are A^ — \ for 1 < i < h and 1 < t < n such that 

% > | ^ n {l, ... ,01 

and 

ji H h jk-i < i < ji H h jfc 

and 

ji H h jjfe-i < ^ < ji H h jfc 

for some fc e {1, . . . , to}. Thus the equivariant Chern polynomial of 7n<S is 

m hjk iiH Vjk 

cM)(t) = n n n (i+^-ao*). 

fc=i £=ii+--+i fc _i+i i=|jn{i,...,^}|+i 

Therefore the equivariant Chern polynomials of —7T\(ParHom(V, V)) and —ir\(ParHomf T (V, V)) 
are related by 

c(-7r,(PariJom f iT (V,V)))(t) = c{-n{ParHom{V , V)))(t) c(tti«S)(*) 
where c(7n«S)(i) is a polynomial of degree 

m jiH hjfc 

E E ji + --- + j fe -|Jn{i,...,£}| 

fc=i <=ji+-+j fc _i+i 

m iiH hjfc 

= E E \Jn{e+i,...,n}\-Q k+1 + --- + j m ) 

k=l £=j 1 +-+j k - 1 +l 

n—1 m—1 

= E I J n + 1, . . . , n}\ - e jfc&+i + • • • + 5m) 
€=i fc=i 

n m 

= El^n{£,...,n}|- EO'i + • • -ik-iYik- 

1=2 k=2 
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Hence if the image of c(—n\(ParHom(V , V)))(t) under some homomorphism is a polynomial in 
t of degree at most 



nh{g - 1) + dn - dn + ZO'i H h jk-i)jk 



k=2 



then the image of c(—ir\(ParHomf T (V, V)))(t) under the same homomorphism is a polynomial 
in t of degree at most 



nh(g — 1) + dn — dn + | J p] \£ , . . . , n} \ 

1=2 



Thus the ideal in H ParT g(C(n, d)) generated by all elements of the form 

c r (—TT\(ParHomf T (V, V)))Yt, 

for r > nn(g — 1) + dn — dn + J2e=2 \ J ^ , n }\ and 7 in the image of the natural map 

from H* aTTS ^ n ' d \c(n, d) parss ) to H* ar,rS ^ n ' d \c(h, d)), is contained in the ideal generated by all 
elements of the form 

c r (-ir,(ParHom(V,V)))\-y 

for r > nh(g — 1) + dn — dn + 1^=2 Oi + ' ' ' + jt-i)jt an d 7 i n the image of the natural map 
from H* arrS ^ n ' d \c(n, d) parss ) to H* ar ' rG( ' n ' d \c(h, d)), and so Vn lies in this ideal. Recall from 
flHUD that 

^ ar , e (C(n,rf)) = [iJ* QrTe (C(n,d))] w 

and analogously we have 

H; arS (C(nJ))^[H* Par ^(C(nJ))f. 

By using the dual version of (J8.6|) for equivariant homology, together with the observation after 
f)8.9p . based on Remark l7.3[ that we can take 7 to be the image under a suitable duality map 
of a restriction of Vn, and by replacing 7 by 



\w 



if necessary, we find that we can assume that 7 lies in the image of the natural map from 
H* arC{h4 \C(n,dY arss ) to H* arCifl ' d) (C(n,d)) = [H* par (C(n,d))f. Thus Vn lies in the ideal 
in H ParT g(C(n, d)) generated by all elements of the form 

c r (-7ri(ParHam(V,V)))\^ 

for r > nh{g — 1) + dn — dn + X^ 2 (ji + ' ' ' + 3e-i)je and 7 in the image of the natural map 
from H^ (fl ' d \C(nJy arss ) to H^ {hA {C{n,d)). 
Finally we consider the action of W on 

H ParTQ {C)^H*{Bg)®H*{T T ) 
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(cf. (|8.4jl ). Since multiplication by T> defines a bijection from the set of W- invariant elements of 
Hp arT g{C) to the set of elements which are anti-invariant for the action of W (see for example 
[T3| Lemma 1.2), by writing 

V V = tL E (-l)^(^) 

1 VV 1 wdW 



we deduce that n lies in the ideal in 

H* Parg (C(n,d)) = [H* ParTg (C(n,d))] w 

generated by elements of the form 

Cr(-ni(ParHom(V,V)))\j 

for r > nn(g — 1) + dn — dn + YlT=2ih + ' ' ' + je-i)jt and 7 in the image of the natural map 
from H* arC{h4 \C{hJy arss ) to H? arS{flA (C(n,d)), as required. 

9 Further refinements 

As a special case of Theorem 18.11 we have 

Theorem 9.1 If n and d are coprime then the kernel of the restriction map 

H gM (C(n,d)) - H* g{n4) {C{n,d) ss ) 
is generated as an ideal in Hg, n d)) by slant products of the form 

C r (-7T,(V*® V))\ 7 

for integers n, d and r satisfying < h < n and 4 > ~ and 

r > nn(g — 1 ) — dn + dn 

where 

C ,(-7r,(V* ® V)) G H^ £) (C(hJ))®HI M (C(n,d)) 

is the rth equivariant Chern class of the virtual bundle — 7i\(V* <S> V) over C(n, d) x C(n, d), and 
7 lies in the image of the natural map 

H^\C(h,d) ss ) -> Hf (hA (C(h,d)). 

In order to complete the proof of Theorem 12.11 it remains only to restrict the range of d and 
r in the statement of Theorem 19.11 to 

— < — < — + 1 and nn(g — 1) — dn + dn < r < nn(g + 1) — dn + dn. 
n n n 

For this recall that for any 5 G Z there is an isomorphism from Ai (n, d) to M. (n, d + n8) given 
by tensoring bundles of rank n and d by a fixed line bundle L over S of degree 5. Recall that 
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C(h,d)xC(n,d)x{p} 



C(h, d) is the space of all holomorphic structures on a fixed C°° bundle £ of rank n and degree 
d on S, so we may take C(h, d + h8) to be the space of all holomorphic structures on L ® 8. 
Then the isomorphism from M. (h, d) to M.(h,d + hS) and its inverse come from maps between 
C(h, d) and C(h, d + h8) given by tensoring with L and L _1 . This also gives us an isomorphism 

Under the map C(h, d) — > C(h, d + hS), the universal bundle on 

C(h,d + h5) x £ 

pulls back to the tensor product V <S> L of the universal bundle V over C(n, d) x £ and the 
line bundle L over S, identified with its pullback to C(h,d) x E. Since ci(L) = 5uj where u 
is the usual generator of if 2 (S), the Grothendieck-Riemann-Roch Theorem tells us that the 
equivariant Chern character of — 7r!((V <8> £)* <8> V) is 

ch(-7r,((V®L)*® V)) = Tr m (((g-l)u-l)ck(L*®V*®V)) 

= ir*(((g - 1 )u - l)e^ch(V* <g> V)) 

= ch(-7r,(V*®V)) + 5ch(V*®V 
for any p e S, so its equivariant Chern polynomial satisfies 

c(-M(v l)> « v))(() = c(-MV' » v)) (i ) (c (v- v\ c ^ CMx J (t))». 

Now 

c (V* ® V . 1 (t) 

is the Chern polynomial of a vector bundle of rank nh over C(n, d) x C(n, d), so it is a polynomial 
of degree at most hn in i with coefficients in 

H* {n4) (C(nJ))^H* (n!d) (C(n,d)). 

Moreover the difference between 

nh(g — 1) — hd + (d + h5)n and nn(g — 1) — dh + dn 

is Snh. It follows that if 8 > and r > nn(g — 1) — nc? + (d + n5)n, then the rth equivariant 
Chern class of the virtual bundle — 7n((V <8> £)* <8> V) belongs to the ideal in 

F* (ft(|) (C(n,d))®Fa (ri)(i) (C(n,d)). 

generated by the equivariant Chern classes cy(— vri(V* (g) V)) such that 

r > nh(g — 1) — dn + dn. 
This means we can replace the condition that d/h > d/n in the statement of Theorem 19. II by 

d d d 

-<-<- + !• 

n n n 
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Since d and n are coprime and < n < n, this is equivalent to the condition 

d d d 
-<-<- + !. 

n n n 

Next we use the Grothendieck-Riemann-Roch Theorem to obtain explicit formulas for the 
equivariant Chern polynomial c(—tt\(V* <S>V))(t) in terms of the Atiyah-Bott generators a r , V r , f r 
of Hg( n ^(C(n,d)) and corresponding generators of H*^^(C(n,d)). 

Proposition 9.2 The equivariant Chern polynomial c(— 7Ti(V* ® V))(i) is equal to 

m 9 - 1 n fi(i + (4 - 5i)ty w ^ ex P ( l)t ) (9.i) 

fc=i 1=1 U + (Ofc-oO*J 

where Si, . . . , 5 n and Si, Sn are formal degree two classes such that the rth elementary sym- 
metric polynomial in Si, . . . ,S n is a r and the rth elementary symmetric polynomial in Si, ..., Sn 
is d r . Here 

n n 

m = iili( i + ( 5 k-5 l )t) 

k=l 1=1 

is the equivariant Chern polynomial of the restriction ofV*®V restricted to C(n, d) x {p} for 
any p G £, and hence can be expressed in terms of the equivariant Chern polynomials 



and 
Also 



c(V| CMx{!)} )(t) = l + ai t + a 2 t 2 + ■■■ + a n f 
^ r<~ A / x)(*) = 1 + ^ + h ^ 2 + ' ' ' + h ^ 

C{n,d)x{p} /y 

Ww = E%:-E%:+ 

i=i j=i 

gin o n a \ / n a n a 

g(g 6 ^ + gN (gf-s+g^af !*-*>■ 

Equivalently c(— 7n(V* (g) V))(t) equals 

"^'"^(^-(K-g^ (9.2) 

f(t^ + t<)(g< + t^))(^)IM. 



and 
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Proof: We modify the proof of fTJ Prop. 10]. We can write 

n h 

ch(v) = E e7fc and ch (v*) = E e ~ 7i 

k=l 1=1 



where ji, ...,j n and 71, ...,7ft are formal degree two classes such that the rth elementary sym- 
metric polynomial of 71, ...,7 n equals 

c r (V) = a r <g> 1 + E K ® a s + f r <g> 

for 1 < r < n and the rth elementary symmetric polynomial of 71, ...,7ft equals 

c r (V) = a r (g) 1 + E ® a s + f r <g> u 

s=l 

for 1 < r < n. For each > there exist coefficients pi k ^ _ such that 

(71)' + " " " + (Tn)' = EpS!...,r„(Cl(V)) ri ■ " • (C„(V))- 

where the sum is taken over all nonnegative ri, r n such that ri + 2r 2 + • • • + nr n = k. Now 

(di <g> 1 + J2 K ® + /l ® ^) ri ' • • (On ® 1 + E & n ® + fn ® w) r " 

S=l 5=1 

equals 

n 2g o 

(ai) ri • ■ ■ (a„) r " + b s t T-(aiP • ■ • K) r " ® « s 

ti *=! 

n Q n n g pa 

+ E /^( fl i) ri • ■ • K) r " ® w + E E E & ? & r 9 ^-( a i) ri ■ ■ ■ ® w - 

2 = 1 2 2 = 1 J = l 6 = 1 2 3 

Since 

E^LJair-'-Kr = (*!)*+■• 

we find that ch(V) equals 

fe=l t=l s=l fc=l aa * 

n n p, n n n g p,2 

+ E E /<^' fc ®^ + EEEE W? 9 ^^ ® w . 

i=l fe=l i=l j=l fc=l s=l UUiUUj 

We have a similar formula for ch(V*) and so by the Grothendieck-Riemann-Roch Theorem (and 
substantial manipulation) obtain 

ch(-7r,(V* <g> V)) = 7T*(ch(D*)ch(V)((#-l)u;-l)) 

n h 
k=l 1=1 

Since W^ i is a formal class of degree zero and E^j is a formal class of degree two, it follows 
from Lemma 9 of |TT] that c(— 7Ti(V* <g) V))(t) equals (|9.1|) as required. Further manipulation of 
this expression following the arguments of [TTJ pp. 28-9] give the second expression (|9.2|) . 
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Corollary 9.3 The equivariant Chern polynomial c(—tt\(V* <g> V))(t) satisfies the equation 
m)fj t (c(-7n(V* ® V))(t)) = Q(t)c(-MV* ® V))(t) 

w/iere 

g(t) = 0/ - -EE f - + (4 - m + E kjl ) 

k=xi=x \1 + (dfc - Oi)tJ 
is a polynomial of degree at most 2nn — lint with coefficients in 

H* gM (C(n,d))®H* g(hA (C(nJ)). 

Proof: This follows from Proposition K).'2\ together with two observations; firstly that Q(t) 
is a polynomial in t of degree nn and is divisible by (1 + (5k — 5i)t) for all k, I, and secondly 
that the polynomial 

fc=i i=i V 1 + (4 - oi)tJ 

in t is invariant under the actions of the permutation groups on {l,...,n} and on {l,...,n}, 
and hence its coefficients can be expressed as polynomial functions of the generators a r ,b 3 r ,f r 

Now we can complete the proof of Theorem 12.11 For 

c(-7r,(V* ® V))(t) = £ c r (-7r,(V* ® V))t r 

r>0 

and 

^ (c(-7r,(V* ® V))(t)) = J> + l) Cr+1 (-7r,(V* ® V))f. 
Therefore if r > the coefficient of t r in 

is the sum of (r + l)c r+ i(— vri(V* <S> V)) and an element of the ideal in 

H* gM (C(n,d))®H^ d) (C(nJ)). 

generated by 

{cv-jC— 7rt(V* <g> V)) : < j < 2nn - 1}, 
whereas the coefficient of t r in 

g(t)c(-7r,(v*®v))(t) 

is an element of this same ideal. Thus it follows from Corollary 19.31 that if r > then 
c r +i(— A"! (V* ® V)) lies in the ideal generated by 

{cr-j(-TC\(V* ® V)) : < j < 2nh - 1}. 
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Hence the ideal in Hg^ n ^(C(n, d)) <S> H*.^^(C(n, d)) generated by 

{c r (-7ri(V* ® V)) : r > nn(g - 1) - dn + dn} 

is also generated by 

{c r (—7T\(V* £g> V)) : nh(g — 1) — dn + dn < r < nn(g + 1) — dn + dn} 
and the ideal in Hg^ nd ^(C(n,d)) generated by the slant products 

{tv(-7r,(V* ® V))\7 : nh(g - 1) - dn + dn < r, 7 G H^(C(n, d) ss )} 

is also generated by those c r (— 7n(V* ® V))\7 with 

nh(g - 1) - dh + dn<r < nh(g + 1) — dh + dn, 7 G iff (M) (C(n, rf) ss )}. 

This completes the strengthening of Theorem 19.11 to give us Theorem 12.11 

Remark 9.4 Similar arguments in the parabolic case allow us to refine Theorem 18.11 to get 
Theorem 17.11 

Remark 9.5 In principle Corollary 10.4 gives us a recurrence relation for the relations c r (— n\(y*<g> 
V))\7 (cf. j2HIHE] for the case when n = 2). 

10 Explicit formulas for relations 

We can give explicit formulas for the relations 

c r (-7r!(V*®V))\7 

which appear in Theorem 12.11 in terms of the generators a r ,bl and f r of Hg, nd JC(n,d)). First 

let us consider the case when n and d are coprime. In this case the Lefschetz duality map (|4.1|) 
is an isomorphism 

LD : Hf^\C{h,d) ss ) H,{M{nJ)) = H D{il ^-*(M(n,d)) 

-H^-\c{h,dT) 

given by Poincare duality on A4(n, d), and if 7 G H~^'$~*(C(n, d) ss ) and n = LD~ l (^) G 
Hf ihA (C(h,d) ss ) then 

c r (-7r,(V*®V))\7= / QfirjCri-miV* ®V))) 

JM(h,d) 

where $ : H* (nd) (C(n,d)) <g> H* JC(n,d)) -> H* {nd) (C(n,d)) ® H*(M(h,d)) is the natural 
map defined as at (jl.ljl . This integral over the moduli space .A4(n, 0?) can be calculated using 
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Witten's principle of nonabelian localisation jj^l and the results of fl^\ 123] . as we shall now 
describe. 

In fact the moduli spaces considered in the papers [221 123 EH] are not the moduli spaces 
Ai(n, d) but instead are the moduli spaces A4\(n, d) of semistable bundles over E with coprime 
rank n and degree d and fixed determinant line bundle A. However if Jacrf(S) = -M(l, d) denotes 
the Jacobian of degree d line bundles over £, then the fibration det : Ai(n, d) — > Jacd(S) with 
fibre M. k {n,d) induces an isomorphism 

H*(M(n, d)) = H*(M A (n, d)) © H*(Jac d (E)) 

such that the generators b\,...,bl 9 of H*(A4(n,d)) correspond to the standard generators of 
H*{Jac d (E)) = H*^ 1 ) 29 ) (see [T]), and thus it is easy to translate the results of [221 123 El 
from Mh{n, d) to M{n, d). 

In [S5] Witten used physical methods to obtain explicit formulas for the evaluations on the 
fundamental class [J^A\(n,d)} (or equivalently the integrals over Ji4\(n, d)) of polynomial ex- 
pressions in the generators a r , V r and f r . He derived these formulas using an infinite-dimensional 
version of his principle of nonabelian localisation. Using another version of nonabelian locali- 
sation [22] applied to Ai\(n, d) regarded as the symplectic quotient of an SU{n) action on an 
extended moduli space [21], equivalent formulas were obtained in [23J. This version of non- 
abelian localisation involves looking at the fixed points of the action of the maximal torus T 
of SU (n) on the extended moduli space, and these correspond, roughly speaking, to bundles of 
rank n and degree d which are direct sums of line bundles. Technical difficulties arise because 
the extended moduli space is noncompact, which is reflected in the fact that the fixed point set 
of T has infinitely many components; this problem is overcome in [22] by exploiting a certain 
periodicity in the situation. In order to calculate 

/ $(77c(-7ri(V*®V))(t)) 

J M(n,d) 

(as a polynomial in t with coefficients in Hg, nd ^(C(n,d))), we need to consider the image of 
r]c(— 7Ti(V* © V))(t) under the restriction map 

H* {h4) (C(n, d)) -> ®f =1 H* {l4i) (C(l, d t )) (10.1) 

given by identifying our fixed C°° bundle of rank n and degree d with a direct sum of C°° line 
bundles of degrees di,...,dn where 

di + ... + dn = d, 
and then embedding C(l, d\) x ... x C(l,da) into C{h,d) via 

(Li,...,L fl ) i-> U © ... © Ln. 

We also need to see what happens to this image when the degrees di,...,^ of these line bundles 
are modified so that for some p G {l,...,n} the degree d p is decreased by one, while d p+ i is 
increased by one and the other degrees di for I ^ p, p + 1 are all unchanged. 

Let d[ and b s { 1 (for 1 < s < 2g) be the generators of H* ^JC(1, d{)) defined as at (|1.3j) . 
The map (jlU.lj) is determined by the fact that the Chern polynomial 

n 2g 

C (V)(£) = 1 + J2(d r © 1 + ]T b s r © a s + f r © oj)t r 

r=l s=l 
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maps to 

ft C (W) = 11(1 + (a'i ® 1 + E bi l + <*J ® a;)*) 

Z=l i=l s=l 

where V; is a universal bundle over C(l, dj) x £ for 1 < i < h. Thus d r is mapped to the rth 
elementary symmetric polynomial a™(a\ : 1 < % < n) in a J,..., a" (or equivalently the formal 
degree two classes 8±, 5n introduced in Proposition 19.21 are mapped to a\, a"), while 



1=1 

and 

ft / 2g 

/r^E ^-i^i = ^ + E E ^&i +9 ' fc <Z 2 2 (ai :«^Ar,l) 

Z=l \ k^l 3=1 

The image of c(— 7ri(V* ® V))(£) under the map ()10.1|) is 

n h 

(0 V; ® V)) (t) = J] c(-tt, (Vf ® V)) (t) , (10.2) 

z=i z=i 

and by Proposition 19.21 this is 

+ (4 - *SW-~- - exp | 1+ ^_ a , )t } (10.3) 

where 

n f)x g n pas. 

and 

If we formally modify the degrees <ii,...,d^ so that for some p G {l,...,ra} the degree d p is 
decreased by one, while d p+ i is increased by one and the other degrees di for I ^ p,p+ 1 are all 
unchanged, then c(— 7n(V* £g> V))(t) is multiplied by the factor 

A 1 + (4 - a{ +l )t 

In j2S] Theorem 8.1 (see also Remark 8.3(c)) it is proved that if r\ is any polynomial 
expression in the generators d r and V r of H~,^^(C(fi, d)), not involving the generators / r , then 

/_i\n(n-l)( 9 -l)/2 

. $(77 exp(e/ 2 )) = 1 ; -. Resy 1=0 ... (10.7) 

M(h,d) TV. 

( exp((e[[wc]], X)) J (5 i )2g n rjjX) ex pjeu) 

••• KeSy - 1=0 IlfeW^) - 1) 
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when e 7^ 0, where (S l ) n is identified in the usual way with the maximal torus of U (n) consisting 
of diagonal unitary matrices (which appears in (J1U.7)) but not in [23], because we are working 
with the moduli space M.{h,d) not M.x{n, a)), while T = (S 11 )™ PI SU(n) is the standard 
maximal torus of SU(n). Also any X G Lie(T) has coordinates 

Y\ — Xi — X2, ift-i = Xfi-i — Xn 

defined by the simple roots of SU(n), and the Weyl group Wh-i of SU{n — 1) is embedded 
in 577 (n) in the standard way using the first n — 1 coordinates. The polynomial function 
T>n : Lie(T) — > R is defined to be the product of the positive weights of SU(n). Also if 
7 G Lie(T) then [[7]] is the unique element of the fundamental domain defined by the simple 
roots for the translation action on Lie(T) of the integer lattice, such that [[7]] — 7 lies in the 
integer lattice, and 

c = [[(d/n, ...,d/h,d/n — a)]]. 

Moreover Resy j= o is the usual residue at of a meromorphic function of the variable Yj, and 
(, ) denotes the inner product on Lie (577 (fi)) given by 

(X,X) = -Trace(X 2 )/4vr 2 . 

u is the standard symplectic form on (S l ) 2gn , normalised so that 

/ exp(cj) = (n) 9 , 

and the appearance of rj in the integral 

/ Ti(X) exp(eu;) 

is interpreted as the image of 77 under the map (jlU.lJl . via the identification 

Hl {lii) {C{l,d l ))^H*{BS 1 )®H*{M{l,d l )) (10.8) 

when we identify (S 1 ) 29 with the Jacobian Jac^ (S) = M.(l, di). It does not matter here which 

di (for 1 < / < n) we choose in the identification of (S 1 ) 29 with Ai(l,d{); tensoring by any 
fixed line bundle of degree 5 gives us an isomorphism from A^((l,^) to A4(l, di + 5) which 
preserves the image of 77 since 77 is a polynomial in the generators d r and V r (the generators f r 
are not involved). However, in some sense the appropriate choice for di here is d/n — [[wc]];; 
this accounts for the occurrence of the term exp((e[[toc]], X)) in the formula (jl(J.7IK 

Remark 10.1 The formula given by Witten in [S3] for an integral of the form 

/ . $(77 exp(e/ 2 )) 

JM(n,d) 

is not expressed as an iterated residue. Instead it is an infinite sum running over the intersection 
of the weight lattice of SU(n) with the interior of a fundamental Weyl chamber. These two 
formulas can be reconciled using an argument of Szenes (see [2B] Proposition 2.2), based on the 



48 



elementary fact that the sum of all the residues of a meromorphic function on C which vanishes 
sufficiently fast at infinity is zero. This means that an iterated residue of the form (|1(J.7|) can 
be rewritten as a sum of iterated residues at the nonzero points Yj G 27ue _1 Z\{0} where the 
terms exp(eYj) — 1 vanish. There are of course infinitely many such points, but they contribute 
simple poles whose residues are easy to calculate. 



The product 



n-l 



n(exp(ey,)-l) 



1=1 



appears in the residue formula (jl0.7j) because when we formally modify the degrees <ii, ...,<i n 
so that for some p G {1, h} the degree d p is decreased by one, while d p+ i is increased by one 
and the other degrees d\ for / ^ p, p + 1 are all unchanged, then the image of 7]exp(ef2) under 
the map (|1U.1|) is multiplied by exp(e(di — di +1 )). The generators d\, ...,a™ correspond to the 
coordinates X\, on the Lie algebra of the maximal torus of U(n), and exp(e(dj' — 
then corresponds to 

exp(e(X p - X p+ i)) = exp(eFp). 

If we apply the proof of Theorem 8.1 to r]c(— 7ri(V* V))(t) instead of rjexp^efo), then by 
(ITM!) the term 



n-l 



is replaced by 



n(exp(eF z )-l) 

i=i 

TT ( -Q 1 + (4 - Xl +1 )t _ ;| 
1=1 \k=l ^ 



+ (5 k - X t )t 



and the same proof gives us 

Theorem 10.2 Ifrj is any p 
not involving the generators f r , then 



Theorem 10.2 Ifrj is any polynomial expression in the generators d r and W r o/f/i ~. (C(n, d)), 



(_l)n(n-l)(g-l)/2 

, $(? 7 c(-7r ! (V* ® V))(t)) = 1 ' -. Res Yl=0 ... 

M(h,d) nl 

...Res YA _ 1=0 ( x: r a - ^ n n(! + (** - x^r i+<l/MM] '-^ 

\w£W A _ 1 J ( S > 3 ™ «=lfc=l 
/ _g(M) 

exp \i+(s k -x,yt 



>2g— 2 T-rn-l/T-rn l+(<5fc--Y i+1 )t 



^„ lli=i Ulfc=i i+^-xot 
Remark 10.3 Here we interpret 



-pr 1 + (#fc - -X"z+l)t _ .J 

Bi i + (4 - 

as 



Vfe=l / m>0 



n 
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where 

n-1 

k(t, x u .., x h ) = - - tX t ) M - 1) 

8=0 

n— 1 ra— ,7—1 

+ E ^ E ((! - **n-i)'(i - tXiT^ 1 - 1) 

j=l i=0 

using the expansion of 

n n 

n a + (4 - x m )t) - n a + (4 - *i)t) 
fc=i fc=i 

as 

* n ( E - ^+i) n_j - r 1 - ^r-o 

ri—l n— j— 1 

= E«^' E (i-^+i)'(i-^) n ^ i-1 *(^-^+i) 

= t(X I -X l+1 )(n + 6 I (t,Xi,...,X ft )). 
Notice also that d/h — [[wc]]i is an integer for each u> e W^-i an d 1 < £ < n. 

More generally if we want to allow 77 to depend on the generators f r as well as the generators 
a r and V r) then we can modify the proof of [23| Theorem 9.12 to obtain for any scalars e 2 , 
with e 2 7^ the following result, which will give us the formulas we require if we differentiate 
with respect to e 2 , e„. 

Theorem 10.4 Lei m r and p ri fc r 6e nonnegative integers for 2 < r < n and 1 < k r < 2# ; wift 
Pr,fc r G {0, 1}. L/e 2 7^ then the integral 



2s 

n 

r=l fc r =l 



r h 2g 

/ ^$ exp(e 2 / 2 + ... + 6a/ a ) II «r II (^) P ^c(-™(V* ® V))(t) 

J M(n,d) \ ! , , 



is given 6?/ 



/i \n(n-l)(g-l)/2 / h 

Res Yl=0 Res Y ^ 1=0 [ ]T e-^^n^rW^ 



vW6W ft _i r=2 



( S l)2 9 n =1 a=1 z = 1 fc=1 



2g n— 1 n n 

/ n (E( rf < )x(e )Ca r ) pr - kr n IK 1 + (** - xotr i+ ^- M <-^ 



Pr 2 nf=i 1 (ex P (-(dg)x(eO)nLi i S|^-l) 
where as before a™ denotes the rth elementary symmetric polynomial in n variables, and 

q(X)=e 2 v*(X) + ... + e h a*(X). 

Also e\, ...,in-i is the basis of Lie(T) given by the simple roots; if we write the Maurer-Cartan 
form 6 on T as 6 = J2a=i ®a,&a then 9%, Qh-\ form a set of generators for H l {T) and we let 
( l a be the pullback of 8 a to if 1 (T 29 ) under the projection from T 2g onto the Ith copy of T. 
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These theorems 110.21 and 110.41 give us explicit formulas for the relations c r (— 7ri(V* g) V))Yy 
which appear in Theorem 2.1, in the case when h and d are coprime. 

Remark 10.5 Moduli spaces of parabolic bundles with fixed determinant can be regarded as 
symplectic quotients of the extended moduli spaces of where the action is that of the 
subgroup P fl SU{n) of SU(n). In particular in the case when m = n and ji — ■ ■ ■ — j m — 1, 
which was studied in §7 and §8, we have the symplectic quotient of the extended moduli space 
by the action of the maximal torus T of SU(n). A crucial step in the application of nonabelian 
localisation in [23] to obtain formulas for intersection pairings on the moduli spaces Ai\(h, d) of 
vector bundles with fixed determinant was an observation due to S. Martin jHUEHJ concerning 
any Hamiltonian action of a compact group K with Lie algebra 6 on a compact symplectic 
manifold X when is a regular value of the moment map /i : X — > 6*. If we assume for 
simplicity that is also a regular value of the induced moment map \xt '■ X — > t* for the maximal 
torus T of K, then Martin observed that the integral over the symplectic quotient fi {Q)/K 
of the image r/ of any r\ E H* K (X) in if£-(// -1 (0)) = H* (fi^ 1 (0) / K) can be expressed as a fixed 
constant multiple of the integral over /Xy 1 (0)/T of the image in if^(/i^ 1 (0)) = i?*(/Xy 1 (0)/T) of 
the product of V E H£(X) and rj E H* K {X) = [H^(X)] W C H^{X) where V is the product of 
the positive roots of K and W is the Weyl group. 

With this in mind, the proof of Theorem 2.1 via Theorem 18.11 shows us that the explicit 
formulas for relations provided by Theorems 110.21 and 110.41 in the case when h and d are 
coprime, also give relations when n and d are not coprime, and the set of all such relations for 
all h and d satisfying < n < n and d/h > d/n gives a complete set of relations between the 
generators a r , V T and f r of Hg, n ( n(C(n, d) ss ) . 
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